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PRErACE 


This  r«vi««r  !•  a  kind  of  barroat  of  agr  random  studjr  and 
roadlnc  on  oooanocrapbgr  for  aanjr  yoars,  a  1  though  actual  antor- 
prlao  of  writing  began  Just  thia  paat  auaaMr*  Whan  I  started 
soma  aaparimantal  work  on  turbulent  dlffuaion  in  the  aaa«  X 
felt  an  urgent  need  for  a  guiok  referenoo  to  the  atudiea  en 
turbulenoe  in  the  ooean*  Rowewer,  there  is  neither  published 
nor  unpublished  literature  awailable  whieh  might  answer  such 
a  neodf  although  sMteorologsr  has  already  a  series  of  monographs 
and  books  on  atmospherie  turbulenoe  by  Lettau  (1939) »  Sutton 
(19^8),  Ellison  (195^)*  Priestley  (1959)  and  Pasquill  (19^2). 

Of  oourse  there  is  some  sisdllarity  between  ooeanle  and  atmos¬ 
pherie  turbulenoe,  but  quite  a  number  of  prooesses  ineluding 
those  at  the  free  surfaee  and  at  lateral  boundaries  are  paoullar 
to  ocoanio  turbulenoe. 

Then,  I  had  a  ^mnee  to  work  at  the  Weather  Bureau  in 
Washington,  D*C.  this  suauMr  through  a  project  on  storm  surges. 

Hr,  D«  Lee  Harris,  the  bead  of  the  branoh  for  this  project, 
suggested  that  I  write  a  rewiew  on  wertleal  eddy  riseosity, 
beeause  determination  of  this  parameter  is  important  to  nuaerioal 
prediotien  of  storm  surges  in  shallow  water  and  yet  there  is  quite 
a  lot  of  oontroTorsy  among  the  studies  done  before o  A  draft  of 
the  first  flTs  chapters  was  thus  finished  during  mgr  stay  in 
Washington,  ewen  though  the  life  in  this  city  was  filled  with  so 
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■■»n7  Jogrs  that  i  eould  hardly  ooncantrata  on  writing  tho  draft. 

Aftar  eomkng  haek  to  Tallabasaaa,  I  daeidad  to  add  a  faw 
ohaptars.  In  ordar  to  aatiafy  ay  nead  for  rafaranea  to  tha  papars 
>**tatad  to  ooaanle  tnrbnlanoa  in  gonaral  and  to  olaar  up,  onaa 
and  for  all,  ngr  daak  ohioh  was  always  JansHtd  irith  so  naiiy  books 
and  Journals  on  turbulaneo  that  I  eould  hardly  find  sosia  raf<» 
araneas  quickly*  Tha  additional  parts,  than,  azpandad  into 
nora  than  twiea  tha  volume  of  tha  initial  draft,  raflaetins  tha 
situation  that  turbulanoa  which  was  rathar  a  stapidiild  in 
ooaanosraphgr^  is  ralatad  to  its  oany  phases  in  sona  way  or  other* 
How  about  aqr  desks?  Mora  crowded  than  before,  indicating  that 
this  raviaw  is  far  from  coaq^lata* 

At  first  I  triad  to  be  consistent  in  style,  nathasMtioal 
notations,  ate*  throughout  the  idaola  chaptars*  Soon  Z  found 
that  this  task  was  as  hard  as  keeping  ngr  desks  olaar*  So 
many  of  tha  oathasmtioal  notations  are  prasantad  as  tha  original 
authors  used  thaa,  although  in  sooa  oases  they  are  correotad  in 
ordar  to  avoid  oonfhsion  at  least  in  each  chapter*  Soara  inoon-> 
sistenoles  in  amtheontical  notations  should  be  blamed  mostly 
on  my  carelessness  and  nagllganca,  but  partly  due  to  tbe  dif» 
farent  usages  by  many  authors  reviewed.  Suob  heterogeneity 
might  be  inevitable  to  the  present  developing  stage  of  rasearobes 
on  eoaanio  turbulence. 

spectrum  of  nationalities  of  the  papers  raviewad  reflects 

neither  quality  nor  quantities  of  works  done  about  oceanic  tur» 

bulenee  at  corresponding  countries.  The  Russian  papers  are 

***'*^i®*^<5  rather  abundantly,  because  they  were  not  well  known  in 

this  country  and  also  because  I  am  struggling  to  master  this 
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latHCu«8*  for  the  third  time  in  ny  life.  The  Japanese 
papers  are  quoted  quite  often  because  they  are  not  well  known 
here  and  because  I  F^ippen  to  be  familiar  with  this  language. 

I  hope  that  the  most  frequent  quotations  from  oqr  own  papers 
would  be  Justified  on  the  saaMt  reason  as  nentiimed  abowsn  i.e., 
these  papers  are  deplorably  unread. 

I  am  greatly  indebted  to  the  Office  of  Kaval  Research 
through  its  support  of  the  researoh  project  "Turbulent  Diffusion 
and  Surface  Phen«sena  in  the  Ocean".  Also,  I  am  very  grateful 
to  Mr.  Harris  and  his  group  at  the  Weather  Bureau  for  their 
hospitality  during  ny  stay  there,  last,  but  not  least.  I  thank 
Mrs.  Susy  Bomaan  %rtio  typed  the  ditto  originals  and  deeipherad 
tha  hardly  legible  manuscript. 


Takashi  lehiye 


Tallahassaa.  Florida 
Wovssfcer.  1962 
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Takashl  Ichiye 


TURBULENCE  IN  THE  OCEAN 

(Review) 

I.  Introduction 

In  the  preface  of  the  book  "The  Structure  of  Turbulent 
Shear  Flow"  Townsend  wrote  that  experimental  knowledge  on 

turbulent  shear  flows  was  being  accumulated  too  rapidly  to 
produce  new  theorieSo  Unfortunately  this  is  not  true  for  oceanic 
turbulence.)  There  have  been  very  few  experimental  studies  on 
structure  of  turbulent  flows  in  the  ocean,  partly  owing  to 
difficulties  in  instrumentation  which  must  be  operated  under  a 
rather  unfriendly  environment  full  of  corrosive  medium,  uncon¬ 
trollable  living  things  and  violent  forces  such  as  waves  and 
winds o  However,  most  of  the  blames  might  be  placed  on  a  lack 
of  Interests  of  physical  oceanographers o  Descriptive  oceanographers 
do  not  want  to  recognlce  iaiportance  in  turbulence  in  order  to 
keep  a  sacred  cow  of  oceanography,  geostrophic  model  clean» 
Theoretical  oceanographers  also  try  to  minimise  the  influence 
of  turbulence  in  order  to  keep  their  mathematics  straightforward^ 

At  the  most  they  reluctantly  include  in  their  equations  terms 
containing  eddy  viscosities,  the  values  of  which  may  be  deter¬ 
mined  at  their  convenience! 

Howevei  ,  some  fluid  dynamicists  studying  turbulence,  on 
one  hand,  have  been  more  and  more  interested  in  turbulence  in 
the  ocean.  One  of  reasons  for  such  is  that  oceans  provide  an 
ideal  natural  laboratory  for  turbulence  of  a  wide  range  of 
scales,  clearly  defined  by  boundaries  of  surface  and  bottom 
and  coastso  (Frenkiel,  1962)  On  the  other  hand,  wome 
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•itirlnesrs  and  i^yslcistSf  enf;ai;ing  in  study  of  underwatar  acoustics 
or  pollution  probleas  aro  also  increasing  their  interests  in 
oceanic  turbulence.  Therefore*  it  will  be  expected  that  in 
some  future  every  oceanographer  should  talk  about  turbulence* 
at  least  to  conceal  his  ignorance  on  dynamics  of  the  ocean 
flows. 

Why  oceanographers  should  have  a  knowledge  of  turbulence? 
Although  most  of  movements  of  water  in  the  ocean  is  slow*  it 
becomes  turbulent  owing  to  a  large  scale  of  motion  in  the 
ocean.  However*  general  problems  in  physical  oceanograi^y  are 
particularly  those  of  desertptive  oceanograirtiy  are  to  obtain 
information  on  movement  of  the  ocean  water  in  the  averaged 
condition  over  a  certain  period  of  time  md/or  a  stretch  of 
space.  Classical  instruments  for  measuring  oceanographic 
data  like  propeller  t3rpe  current  meters  and  the  data  procession 
such  as  dynamic  calculation  of  ocean  currents  from  hydrographic 
data  were  intended*  though  without  any  special  attention*  to 
obtain  data  averaged  over  time  and/or  space*  rather  than  to 
obtain  instantaneous  values .  Even  so*  it  is  very  important 
to  have  an  idea  how  representative  are  such  data  as  obtained 
by  classical  means*  what  kind  of  average  should  be  used*  etCo 
In  order  to  answer  propprly  such  questions  basic  knowledge  on 
turbulence  is  essentialV 


2o  Mixliirti;  Lungx-U 

Q«n«r«lly  «p«aking  turbul anna  problwBs  bacon*  Important  to 
oeoenograi^y  or  notoorology  through  rolationshipa  b*tw**n  tur> 
iNi'one*  and  m*an  motion  of  th*  wator  or  itBosphartto  In  ord*r 
to  obtain  «ueh  rolatlonahlpss  hydrodynamic  aquations  of  motion 
or*  ororagad  oror  a  eartaln  parlod  of  tlmo«  a  domain  in  spaoo 
or  a  groat  numbor  of  raalisations  of  fluid  motlMo  offoot 
of  turbulonea  on  tha  moan  flow  la  axprassod  by  tarmo  eallod 
Koymoltfs  atrassaso 

Tha  moat  important  affaet  of  turbulanca  on  tbo  moan  flow 
la  to  tranaport  nomontum«  boat  and  propartlaa  of  fluid  in  a 
dlfforont  way  from  laminar  flowo  As  th*  first  stop  to  Inoor*^^^ 
porating  sueh  offact  mathamatlcslly  Into  tha  larlar-Stokoa  aqua¬ 
tions  «  an  analviigy  with  aralaeular  diffusion  was  assumodo  Tho 
maan  flow  is  troatod  Ilk*  a  "laminar  flow"  using  addy  wiseosltyo 
■owoworg  tha  addy  viscosity  has  an  ordar  of  magnitudo  of  iOO  to 
10^^  timas  of  molacular  viseoalty,  dopanding  on  a  seals  of  motion 
oonsidorado  Noraovary  tha  addy  viscosity  is  variablo  not  with 
apaoo  and  tinog  but  also  with  stability  and  othsr  dynamic  oharao- 
toriatios  of  tho  maan  flowo  Most  of  tha  efforts  on  study  of 
turbulanca  in  ocaanography  and  mot aerology  baforo  tho  raeont 
duoado  ware  dovotad  to  datorming  such  dapondancy  of  addy  viscosity 
am  various  cdiaractari sties  of  tha  maan  flovo 

One  suoh  effort «  which  turned  out  to  b*  quite  useful  to 
pruotioal  problaaw  is  a  ml  sing  length  theory  of  Prantdlo  Apparent 
auecosa  of  this  hypothesis  in  asplalnlng  many  typos  of  flows » 
both  of  laboratory  seal*  and  gaophysimi  scalot  lead  many  paoplo 
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to  Bccopt  it  a»  an  established  fact.  Howevary  merits  of  this 
hypothesis  ere  to  give  a  heuristic  explanation  on  problems  such 
as  vertical  distributions  of  velocity  of  mean  flow  in  the  ocean  and 
the  atmosphere  near  the  boundary o  $l<o  far  as  we  understand  the  Unit 
of  validity  of  the  theory,  it  is  quite  useful  to  problems  like 
estimates  of  wind  stresses  or  evaporation  near  the  surface  from 
synoptic  weather  ebartso  Therefore,  a  historical  intarcst,  it 
is  worthwhile  to  practical  as  well  as  historical  interests  to 
describe  the  development  of  the  theory  and  its  application  to 
oceanographic  problems «  In  fact,  many  Russian  works  on  oceanic 
turbulence  were  done  in  recent  years  t>  a  naw  development  of 
mixing  length  theory,  with  a  certain  amount  of  success  in 
heuristic  approach  to  the  vertical  mining  and  air^sea  interchange 
problems.. 

Bistorically  speaking,  the  idea  of  mixing  length  was  alraady 
introduced  by  Bousinesq  at  the  end  of  last  century  but  Prandtl 
(t925)  elaborated  it  later  (Dryden,  Murnagan  and  Bateman  1932) e 
The  application  of  the  mixing  length  theory  to  ooeanographio 
and  metcororlogical  problems  was  initiated  by  Prandtl  (1932) 
and  by  Rosaby  (1932)o  After  then,  many  elaborations,  devolopmonts , 
misuse  and  abuse  of  the  theory  followedo  Dovelopmont  by  Rossby 
and  Ncntgomcry  (1935*  193^)  contributed  very  much  to  spreading 
tbs  influence  ef  th.e  theory  among  meteorologists  and  oceanographers o 
Subssquont  applications  of  the  theory  were  extended  to  determination 
of  vertial  profiles  of  wind  or  ocean  currents  near  the  boundary, 
oetimation  of  wind  st;:-as8es  over  the  ocean  and  ground  (Vileon, 

I960),  heat  transport  and  evaporation  (Priestley,  1959)c  Wind 
stress  formula  and  evaporation  fenaula  which  are  still  used  to 


eoaput*  wind  •tresswa  and  nvaporation  rata  from  aynopltle  data 
ara  noatly  darlrad  from  tha  mixing  langth  thaory*  Among  than 
wa  can  nama  tha  '*<raporation  formula  darirad  by  Nontgomary  (1940)« 
Srardrup  (1937)  and  Thom^waita  (1939)o  Tha  thaory  aloo  waa 
appliad  to  a  problai  of  ahallov  wator  ourranhi  produead  by  winda» 
fir  at  by  Roaaby  and  Montgomary  (1935*^  and  than  by  Ballatrom 
(19^1)  in  hia  atudy  of  att.>]m  aurgOo 

Bsaantiallyt  tha  mixing  langtb  thaory  (or  mora  proparly 
it  might  ba  callad  bypotbaaia*  ia  ona  of  tha  aaaumptiona  tha 
Raynolds  atraaaaa  in  tarns  of  quant itias  rapraaantad  tba  atruotura 
of  tha  maan  flowo  Vith  convantional  eoordinata  ayatam  in 
mataorblogy  and  ocaanography*  whieta  x  and  y  axia  ara  takan  hori- 
sontally  and  s>axis  ia  takan  rartleally  upwarda*  tha  mixing 
langtb  bypotbaaia  in  moat  aaaantial  form  ia  axpraaaad  by  an 
aquation. 

ix'iy'  =  (au/sa)  aO 

-WT  =•  Si*-  eta) 

in  which  {j(J  and  W^rm  turbulant  ralocity  eomponanta  in  x  and  a 
diraotionae  M.  ia  tba  maan  flowe  Tba  quantitiaa  Jt '  and  ^ 
ara  callad  mixing  langtbe  Tba  quantity  Z!  ia  dafinad  in  analogy 
witb  a  maan  fraa  path  of  gaa  molaoulaa  in  dynamical  theory  of 
gnaaao  Tha  ralation  similar  to  aquation  (1)  waa  alraady 
dnrirad  by  Taylor  (1919)  and  Schmidt  (1917)o  Prandtr*a  contri- 
button  is  tba  dariration  of  tba  saeond  ralation  which  dafinaa 

^  as  a  mixing  langtb  in  Prandtl*s  aanaa. 
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Jo  Planetary  Boundary  Layars 


Rosaby  and  Montgomary  (1935)  proposad  a  hsrpothaaia  coiablnlng 
aarllar  thaory  of  Rossby  (1932)  on  application  of  a  nixing  langth 
bypothaala  to  tba  Ekman  layar  in  tha  atnoaphara  and  tba  ooaan 
and  the  thaory  of  Prandtl  (1932)  on  a  frictional  boundary  layar o 
According  to  than,  tha  frictional  layar  batvaan  tha  ground  or 
the  saa  &urfaea  and  tha  layar  whara  geoatrophic  flows  arc  valid 
Is  dlvidad  into  two  partsi  a  frictional  boundary  layer,  in  which 
prassura  gradiant  is  balanced  by  shearing  stresses  and  a  planetary 
boundary  layar  in  «diich  CorioUis*  force  has  tha  sane  inportanoa 
as  these  two  forcaso  Tha  depth  of  frictional  boundary  layar 
and  planetary  boundary  layar  are  indicated  by  H  and  h,  raspactivalyo 
In  tha  frictional  boundary  layar,  tha  relation  between  nixing 
langth  (^),  shearing  stress  (T)  and  height  fron  tha  boundary  (s) 
is  fron  Prandtl  *s  langth  bsrpotbasis  given  by 

r  =  -  5  '  i  (  4?)*" 


where  7,  is  naasurad  above  tha  naan  level  of  roui^nass  alanants 
of  tha  boundary,  Sg  is  tha  roughness  paranatar  which  is  alnost 
equal  to  l/30tb  of  tha  average  height  ^  of  roughness  alanants 
and  dU/ds  represents  tba  shear  of  tba  naan  notiono  Tba  stresses 
too  are  assunod  to  bo  constant  with  height  in  the  frictional 
boundary  layoro  Tba  wall  known  logithnio  profile  (5)  of  tba 
m  flow  tr  is  obtained  integrating  (3)  with  So  ^ 


Althoufli  •quatlon(3‘5)  derived  for  tbo  air  flow  noar  tha 
grounds  tha  aquation  alnilar  la  conaldarad  to  give  tha  profilaa 


of  tha  wind  owar  tha  watar  or  of  tha  drift  currant  balov  tha 

aaa  lavalo  For  tha  drift  currants  tha  valuas  of  should  ba 

■odiflad  by  taking  into  account  of  aurfaca  waraso 

In  tha  planatary  boundary  iayart  Roaaby  and  Hontgomary 

aasuaiad  that  tha  rata  of  shaar  is  constant  and  that  tha  nixing 

*aiigth  daoraaaaa  llnaarly  with  haight  and  vaniahas  at  tha  top 

of  tha  layaro  Whan  tha  naan  valocity  i»  axprassad  by  conplax 

fom  lika  TTti  liT  thasa  asaunptions  laad  to  tha  aquations 

dw /dx  =s 

whara /(4W ^ara  constants  and  (jt  is  warlabla  with  J*  ° 
origin  of  Z  is  takan  at  tha  top  of  tha  frictional  boundary 
layaru  Tha  aquation  of  notion  baconaat 

in  which  is  gaoatrophic  currant  and  ^  is  giwan  by 

Tha  ralationship  batwaan  ^  and  can  ba  obtainad  by  diffaran^ 

tiating(!’9)  about  jLo  Thus*  wa  havat  ,, 

,  x-C/- 

whara  ^  is  tha  angle  batwawi  tha  wind  at  tha  top  of  frictional 
boundary  layer  7,a0  o  Thera  are  tha  following  relationships  anong 
warioua  conatantso 

i?  =  'k*  (5^  /f  >>  5'  ^ 


(3  /O 

C3-/0 

-z:  »  (3-/^ 

The  wind  profiles  in  tha  planatary  boundary  layer  are  axprassad 


bgrt 

whara t 


^  ~  v/X" 

Tha  addy-riscosity  is  expressed  ftosi  Prandt^'s  hypothesis  by 

^  /c  ^  1  ( ■«  ■■■  *^3  ' 


TTie  condition  that  tsixing  length  l»  continuous  at  the  boundary 


between  planetary  and  frictional  boundary  layer  leads  to 


kk/>J%  o**  C3  <r)  o  if) 

Alao,  the  conditions  that  wind  velocity  and  direction  and  'rlotional 
draff  are  contlnuoua  there  lead  to  the  ralationablpa  between  ^ 

«a  -Uf  .u..  ^ 

”7'z,0  *  f  ^ 

/ru.a  equation  |  7,  ^can  bo  deteniined  udien  IXj  and  ffiveno 

Then  A  ran  be  deteraincd  fron  equation  1I9  uainff  thie  value  of 
^  »  The  total  heiffht  of  the  layer  of  frictional  Influence  ie 
thue  ffiven  byi 


Hi-  ^  p-j  P'/O 

A  vertical  distribution  of  eddy  viscosity  obtained  fron  this 
theory  is  shown  in  Figc  1»  by  tskinff  f***  c  f  =  I  and  I^*7'-5’ 

&ik|  SOtfjts,  respectively.^  The  dotted  cur  <:ye  indi<riate  the  dlstri  ■' 
buttons  in  which  eddy  viscosity  in  the  layer  above  the  planetary 
boundary  layer  i»  taken  to  be  equal  to  ^0  instead  of  sero* 
accordinff  to  the  estiaation  of  Richardson  ( 1926)0 

Recent  developneni  on  the  planetary  boundary  layer  based  on 
nislnff  lenffth  theory  was  reviewed  by  Ellison  (1956)  and  Blackadar 
(1962)0  The  latter,  especially.  Introduced  a  continuous  distri¬ 
bution  of  the  Bixinff  lenffth  like 

y=  c  i-r 

In  this  distribution,  P  increases  as  near  to  the  ffruund 
but  It  approaches  to  the  constant  value  biffber  levels^ 

Vind -driven  currents  as  well  as  wind  near  the  ffround  were 
first  discussed  aa thematically  by  Ekven  (190  j,  who  rntroducad 
the  idea  of  eddy  videos «ty,  althouffh  he  assumed  the  constant  value 
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of  It  In  ordor  to  avoid  mathoniatlcal  complexltyo  Cortical  distrl-' 
butlons  of  flows  In  tha  friction  layer  of  the  ocean  and  the  atnos-^ 
phere  predicted  by  his  theory  have  not  been  changed  substantially 
in  later  developnents  by  his  suecessorso  The  hodographs  of  such 
flows  called  "Eknan's  spiral"  are  referred  almost  in  every  test 
book  of  oceanography  and  meteorology o  Rossby  and  Montgomery 
(1935)  also  applied  their  theory  of  the  atmospheric  boundary 
layer  flow  to  wlnd-^driven  current  in  the  upper  layer  of  the 
oceaSc  Only  the  difference  between  the  atmospheric  and  the 
oceanic  boundary  layer  is  in  the  surface  roughness  at  the 
atmospheric  boundary  solid  ground  and  at  the  oceanic  boundary 
flesible  sea  surfaeeo 

It  is  well  understood  that  the  roughness  of  the  ocean  surface 
must  be  changed  according  to  the  heights  of  the  surface  waves • 
although  nathaemtical  foronilation  of  such  relationships  might 
be  quite  intricatso  Rossby  and  Montgomery  (1935)  simply  assumed 
that  the  rou^ness  parameter  of  the  see  surface  is  proportional 
to  the  surface  ware  beigfatso  Further »  they  speculated  that  the 

proportional  coefiicient  is  of  an  order  of  one  for  the  drift 

/ 

current  and  is  about  equal  to  l/30for  the  wind  over  the  sea 
surfaoco  It  seems  to  be  more  probable  to  consider  that  the 
roughness  of  the  see  surface  to  the  wind  might  be  mainly  due  to 
the  capillary  waves  of  higher  steepness  superposed  on  larger 
waves,  as  suggested  by  letnmnn  (1952)»  Effects  of  waves  on  the 
Arift  currents  or  more  generally  the  interaction  of  waves  and 
currents  is  more  intricate  problem  thaiTt  speculated  by  Rossby 

Montgomeryo  The  mathematical  treatment  of  hydro||ynamics 
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pertinent  to  this  problem  Is  now  undertaken  by  Miles  (1960), 
Lon^uet-Hlggins  and  Stewart  (1961)  and  otherso  The  discussion 
of  this  problem  will  need  quite  a  space* 

The  depth  of  the  planetary  boundary  layer-'^  of  the  ocean, 
according  to  Rossby  and  Montgomery,  from  an  argument  similar 
to  the  one  on  the  atmospheric  boundary  layer  is  giwen  by 

where  /^and  are  the  density  of  air  and  water,  respectively^ 
The  wind  stress  ^  and  surface  wind  speed  ^„mrm  related  by 

r.  =  r/a  tv/  C3  ao 


in  which  y  is  B  drag  coefficient.  The  determination  of  this 
coefficient  is  a  matter  of  controversy  which  %ras  reviewed 
recently  by  Wilson  (1960),  Its  value  is  dependent,  not  only 
on  the  roughness  of  the  surface,  but  also  on  some  specified 
height  at  which  the  wind  speed  is  measured. 

The  angle  between  the  wind  stress  and  surface  drift 
is  given  byt 

y,*  g>^  =  z  ^iZy  <3-2Z) 

in  which  I  ,  k,z  rr^ \ 

z  ■  i,  i-iti  m)  "■«> 


where roughness  parameter  of  sea  surface  for  the 
currents  below.  The  wind  factor,  ratio  of  the  surface  drift 
to  theiind  ^peed  is  given  byt 

ff-*"  (3  H) 

These  two  quantities,  angle  between  wind  and  surface 

drift  and  the  wind  factor  were  widely  used  to  verify  a  theory, 

particularly  of  Bkman  (S90o),  on  drift  currents  because  they 

are  considered  as  the  quantities  determined  easily,  for  instance, 
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from  ships*  loi;sa  Bowovor*  In  ordor  to  tost  by  obsorratlons 

tho  thoory  of  drift  currants  oithor  by  Ekman  or  by  Rossby  ond 

Nontcomory^  tho  following  conditions  on  which  tho  thoory  was 

based  should  bo  satlsflodo  Those  conditions  aroi  (1)  Deep 

sea  without  noticooblo  effect  of  bottom  friction*  iZ)  Open 

sea  without  offocts  of  ooestel  boundaries*  (3)  Bonoffonoous 

density  of  water*  (4)  Mo  surface  slope  and*  (5)  Wind  in  steady 

statoo  It  is  rather  surprising  that  the  angles  between  wind 

and  surface  drift  were  determined  mostly  In  the  shallow  seas 

and  land-locked  euoh  as  the  Baltic  Sea  (Dlnklage*  l888t  Witting* 

1909)*  the  Gulf  of  Bothnia  (Balmen*  1931)  and  the  Eastern 

Mediterranean  (Yorcht  1911)o  Only  tbe  data  used  1^  Gallo  <1910) 

were  obtained  in  the  equatorial  regf.MSs  of  the  Indian  Ocean* 

Indicating  agreement  of  obserwed  angles  with  these  predicted 

by  the  Ekman  theory«  Rowewer*  such  agreement  is  not  eonoluslwe* 

because  the  Worth  and  tbe  South  Equatorial  Currents  ere  not 

only  drlren  by  wind*  but  also  caused  by  tbe  slope  of  sea  sur- 

facoo  (See  Defant(i96l) ,pp4l2-4l8.  Tbe  referenoes  are  listed  there*} 

Apparently  one  of  the  most  suitable  places  to  test  the 

Ekman*  s  theory  might  be  tbe  Sargasso  Sea  or  tbe  counterpart 

in  the  Pacific  0cean«  So  far  there  is  no  obserwation  for  this 

purpose  in  such  region  esmpt  the  one  by  Stommel  (1954)*  who 

tried  to  measure  tbe  drift  currents  in  the  Sargasso  sea  by  use 

of  drifting  buoys*  but  without  any  conelusire  results 

4o  Application  of  mixing  length  theory  to  shallow  water* 

Rossby  and  Montgomery  (1935)  also  applied  the  mixing  length 

tboory  to  shallow  water  currents  for  the  first  timeo  Instead 

of  discussing  general  features  of  turbulence  in  the  shallow 
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w«k»r*,  lh#y  ttitici  t<j  »xp]lttin  t'h*  dl.$triDution«  oi 

euyr»nt»  m«a»ur«<i  vifchin  hour*  wn  a  oartaln  da  y  at 

«>i*i»e*ro  ftBVii  Massaehufatta,,  vhioh  is  1?  m  daapo  Baaic  aaaua» 
t^tiona  of  *halr  thaory  ara  that  tha  vising  l.nprth  la  eonatant 


with  dapth  «rtd  that  tha  ahaarin^  straaa  dacraaaaa  with  dapth 
in  eat*  wind  blows  acainwt  tha  tidal  ourrants  and  it  ramalna 
constant  with  dapth  in  caa#  wind  blows  with  tha  currantso 
In  general  equation  of  notion  of  tidal  eurrents  in  a 
ahallow  sea  is  given  bye 


»-  d  9  Tr  '  if. 


(4'  t) 


On  that  epeelfte  day  whan  tha  current  waa  neaeuredt  the 
wind  blew  alaoat  parallel  te  the  long  atia  of  tbe  beyo  In 
tbe  nomlng,,  tidal  eurrenta  flowed  against  tha  wlndu  The  data 
ahowed  that  currant  speed  wee  alnost  uaobenged  during  the 
nomlngs  In  aquation  ,  d  is  assuaied  to  be  vanish  and  tha 
equation  for  between  tha  surface  and  the  depth  of  Mzlnuai 
speed  is  given  bye 

T»/5-  (r./9>(2/l)-  (4-  2) 

where  ?^is  the  surfeoe  atress^  ^  ie  the  depth  of  tbe  nsslmai 
velocity  end  the  origin  of  jt  is  taken  at  tbe  layer  of  tbe 
anxinun  speedo  Vitb  an  asauaption  of  constant  nixing  langthi 
tbe  vertical  distribution  of  volcoity  and  oddy  viscosity  are 

(if*  .4-3) 

^  9 Jl  <>4  '4) 

By  oonpering  (4f3)  with  observed  velocity  profiles,  they  obtained 

the  ratio  of  nixing  length  ^  to  total  doptbc(,  as  0a051o 
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In  th«  afternoon,  th*  tidal  currant  flowad  In  tha  sana 
diraotion  as  tha  vlnd.  Tha  obsarrad  currant  showad  llnaar 
daoraasa  in  spaad  with  dapth,  laading  to  tha  assunption  that 
tha  strass  is  constant  with  dapthe  Than,  and  ^  d^/dt 

should  balanca  aaoh  otharo  Tha  constant  ralua  of  'tx  is  giran 
by  tha  last  tarn  of  aquation  Tha  nixing  langth  can  ba 

dataminad  sinea  aqual  to  tha  surfaca  wind  strass 

and^M^j^s  known  fron  tha  obsarrad  currant  profila,  thus  obtainade 
Tha  ralua  of  is  0o052d(  and  is  surprisingly  olosa  to  tha 
ralua  astinatad  by  usa  of  tha  data  for  tha  currant  flowing 
against  tha  wind« 

An  approach  assantially  sinilar  to  Rossby  and  Montgonary's 
study  was  takan  by  Kirisild  (195^)  in  ordar  to  darira  rartieal 
distributions  of  ralueity  in  a  shallow  watar  as  ona  of  problans 
partinant  to  storm  surgas.  lohiya  (1952a)  also  dataminad 
rartieal  distributions  of  raloeity  caused  by  a  stationary  wind 
blowing  parpandioular  to  tha  coast  under  more 'general  boundary 
conditions  at  tha  bottom  than  Kirisild* 

Both  studies  are  based  on  tha  aquation  of  motion  in  tha 
x-diraetlon  under  st>oady  condition 

9rx  /'St  =  f  ^  ix  (4-S') 


in  whieh^is  tha  shearing  stress*  Inertia  tarns  and  Coriolis' 
tarn  are  naglactad*  Since  is  constant  with  depth,  integration 
*  yields t 
Tx  -  't'b  =  -C , 

in  which  is  tha  bottom  strass,  which  must  ba  dependant  on 
roughness  of  tha  bottom  and  currant  close  to  tha  bottom* 
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Th©  rolooity  profiles  ar©  also  dependent  on  th«  boundary 


eonditions  at  the  bottom,  I^iy©  (1952a)  considered  throe 
eonditons  at  the  bottomt  (1)  Bottom  stress  and  bottom  current 
are  reverse  to  the  surface  stress »  (2)  Bottom  stress  is  reversed 
to  the  surface  stress  and  the  bottom  enrrent  and  (3)  the  bottom 
current  is  reverse  to  the  surface  stress  and  the  bottom  stress. 

In  the  last  t«ro  conditions ,  the  stress  and  the  current  at  the 
bottom  aro  in  the  opposite  direction.  This  is  possible  sinoe 
the  stress  aots  in  the  same  direction  as  the  strain  or  vertical 
(gradient  of  velocity  tii-hieh  is  not  always  in  the  same  direction 
as  the  velocity  itself,  Th©  velocity  distributions  oorreapondirg 
to  three  conditions  are  given  byi  i 

3  S 

(fir.t  o.)  U,  =  f  «7a.) 

<sooond  oas«)  l(  ■  ^  L  f  ->1  *J  f'4-7b) 

(third  ca..)  I  (  -H, 

respectively,  in  which  is  Karman*s  constant,  vt  is  equal  to 
ratio  of  surfaoo  stress  7^  to  the  bottom  stress  ^^/jpis 
a  ratio  of  mixing  length  X  to  the  total  depth  and  U>^  %.%  the 

friction  velocity  defined  by  ^ 

<4S) 

This  ratio  /yt  can  be  determined  from  the  following  relations  for 
each  case  as  a  function  of  Jl^  . 

(first  case)  Q  (  I  -  ^  Tl  ^3 ^ ® 

(second  case)  Q  (  |-  (l-t 

(third  case)  C  (4'9c) 

in  which  C  =■  •4-  ^  Those  equations  are  obtained 

with  the  eonditions  that  the  mixing  length  Is  constant  with  depth 
and  that  the  total  ucass  transport  vanishes  owing  to  the  asstm^tlon 


that  th*  wind  blows  perpendicular  to  the  coast  The  vertical 

distributions  of  velocity  computed  from  these  equations  are  ^ven 

from  these  equations  are  given  In  Figure  2., 

Klvisild*s  theory  treated  only  the  condition  corresponding 

to  the  first  casa^  In  his  disoussionj)  the  water  body  is  divided 

into  two  layers  at  the  depth  Z-  *  where  the  stress 

assumed  to  vanishc>  Th<a  velocity  distribution  in  each  layer  is 

assumed  tc  hav«  a  logarithmic  profile  as  fliven  by  Prandtl®s  theory 

of  turbulent  flow  over  rough  surfaoeo  A  different  roughness 

parameter  Is  assumed  in  i^oh  layero  Kivlsild  verified  his 

theory  by  comparing  it  */i  th  the  data  obtained  in  a  hydraulle  channel 

with  a  depth  of  85  ^m<,  ,  as  shown  in  Figo  3o  The  theoretical 

curve  seems  to  fit  well  with  the  observed  data^  However  .j  his 

theory  leads  co  th®  infinite  vel'ocity  at  the  surfaceo  Also,  the 

assumption  of  logarithmic  profile  Is  valid  only  when  the  current 

is  turbulent  and  the  shear  Is  constant  with  depth*  Sch  conditions 

are  not  satis  "  ed  in  th<v  experiments  on  which  his  data  were  based* 

The  agreemetit  of  the  theoretical  cuirve  with  the  data  does  not 

neoessarl.ly  imp!:;  that  his  theory  is  valid  because  there  are  two 

parameters  vfh'.ch  may  be  detennined  arbitrarily.  The  experimental 

data  seem  c.i  agree  with  the  curwes  ooisputed  either  by  equation 

C4-7«/  or(4-7b)oC  Ichiye*s  theory  (1952a)  with  some  modification 

n»f»^  to  the  bottom  corresponding  to  the  assumption  that  the  current 

is  lasiloar  near  the  bottom.  In  fact,  the  data  of  Fig*  3  indicates 

that  the  height  of  the  bot  cow  layer  (^f)  is  only  about  C  2  cm.,  and  that 

tha  velocity  gradxent  in  this  layer  is  steep,  suggesting  that  the 

bottom  layer  is  a  laminar  boundary  layer., 

-15- 


1 


t 

I  i 


Fig,  1.  VArtioal  dlstributiona  of  oddy  viaeoslty  ( , 
•ftor  Roaabjr  and  Montgo«Mr]r(1935) ,  (a  *3<>2  cm,  f*10  , 

(a)  Adiabatic  eaaa.  (b)  Stable  eaaa,  with  Ci«10  in 
aquation  (7 >12),  Saa  Chapter  7<>) 


Wind  - y 


Wind 


fig,  2  Vartioal  diatributiona  of  Taloeity  of  wind^drivan 
eurranta  in  a  :iihallow  water, after  lehlya  (1952  a).  (The 
eurwaa  I, IT  and  ZIZ  are  datarainad  froai  aqa, (4.7a) ,  (4.7b) 
and  (4.7c) .raapaetiTaly,  for  I«(lK(no  currant  at  the  bottoa)  , 
and  '«o.l.  for  and  ZIZ,  1^«0.01,  Wind  atrcaa*!  g/ca  aac  ) 


fig,  3  Valeolty  profile  in  a 
laboratory  fluaa, after  Kiwiaild 
(1954),  (Wind  apaad  at  15  oai 
above  vatar»10  a/a,Sf«0.2  oa.) 
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5  c.  £‘1dy  rlsciosity  and  atorm 

Tiurbul anev  ganaratad  in  a  watar  by  atronc  wlnda  la 

Tary  iopartan^  to  aany  praati«aJ  problama  lika  atom  sursaa  and 
baaoh  aroaiono  Roiraaar,  In  tha  paat  thara  waa  no  rallabla 
aaaauranant  of  turbuianoa  in  tha  aaa  dusftift  *  atorao  This  situ¬ 
ation  night  oontinua  unti)  soma  instrunanta  whioh  would  ba  sturdy 
anough  to  aurwiwa  tha  strongast  galas  and  yat  aansitiwa  anoug^ 
to  raoord  rapid  fluotuationa  of  currants  will  ba  eonstruetado 

Stora  aurgas  ara  now  atudi ad  fron  two  rathar  indiraot 
approaehaao  Ona  is  tha  thaoratioal  approach  basad  on  aithar 
analytical  or  nunarioal  solution  of  hydrodynaaie  aquations 
and  tha  othar  is  tha  aaparimantal  approach  using  wind  tunnels 
and  water  tanks  c. 

In  tha  thaoratiaO.  approach,  tha  aquations  of  motion  and 
continuity  ara  uiad  in  a  Tcrtically  integrated  foms 

^  u  •  V  u  dz 

~  fi 

=  t£- r*  (5-1) 

+  '7  .  -0 

in  irtiich  tha  s-axis  is  taken  positiwe  upward  from  tha  origin 
being  at  the  undisturbed  saa  laral,  ^  is  tha  alawation  of  sea 
lawalg  is  the  depth,  is  horixontal  components  of  walooity, 
^  is  BMSS  transport  ( J  )  ^i»  «n  unit  waotor  in 

s-diraotion,  is  a  Coriolis*  pa.^amatar,  \/  is  horixontal 


3  M 
^  t 


at 
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cradi«nt,  and  and  ara  atrasa  aaetor  at  tha  aurfaoa  and 

at  tha  bottoai,  raapaetiraly « 

In  thia  ajrataai  af  ai^uatiana,  ,  tt  ,  and 

ara  unknown  and  la  aqual  to  wind  atraaa  whieb  oan  ba  eoi8-> 
putad  by  aquation  ^  0  •  inta*ral  f on 

of  inartia  tanaa  and  in  aquation  (5ol)  ara  axpraaaad  aa 

funationa  of  ,  '$  and/or  ,  than  thaaa  aquatlona  (5«1) 

and  (5v2)  will  ba  adbad  for  and  with  tha  aultabla 

boundary  eonditiona  whioh  poatulata  that  tha  naas  tranaport 
nonaal  to  tha  eaaat  ahould  waniah* 

Tha  atruotura  of  turbulanea  in  tha  aaa  baeoaaa  ralatad  to 
dynaadLea  of  atorai  aar^a  through  two  quantitiaat  bottom  atraaa 
and  intacratad  inartia  taraa  of  aquation  (5»1)»  In  eoaputation 
of  atona  aur(oa  froa  aquatlona  (5*1)  and  (5o2),  aoaa  aaauBq>tiona 
on  thaaa  two  quantitiaa  ara  mada»  Banaan  (195^)  aaauuod  that 


(S  i") 

(5-’4) 

and  oaaqputad  nuuarioally  tha  tidaa  and  eurranta  at  tha  Em  Riwar 
and  tha  atom  awcaa  in  tba  Earth  5aa  eauaad  by  a  atona  of 
January,  1953 »  Volandar  (1962)  diaoMaad  nuMrioal  intacration 
of  aquation  (5»1)  and  (5o2)  by  taklnc 

^  (  5--  s) 

Thia  typa  of  bottom  atraaa  waa  usad  also  by  Tiaohar  (1959)  in 
nuoMrioal  solution  of  aure^a  in  a  ona^dimanaional 

ohannalc  In  hia  nuuarloal  Intonation 
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sehama,  th»  botton  stress  beeomM  partleulmrlx  laq>ortant, 
b«e«ua«  without  this  torn  nunorioal  aolution  baeoaKia  unatabla 


In  Cbaptar  k,  tha  mizing  langth  thaory  ia  applia<)  to 
datanalna  Toloolty  diatrlbutiona  and  botton  atraaa  of  tha  wind 
eiirrant  ganaratad  by  oonati^jt  wind  atraaa  In  a  non-rotatlonal 
unlfom  baalne  Bowdan  (1953)  dlaouaaad  tha  bottam  atraaa  of 
tha  wlndUdrlft  In  a  long  ehannal  In  whleh  thara  ara  atrong 
tidal  ourrantae  Tha  bottoa  currant  Uj,  1>  aaaunad  to  ba 
axpraaaad  by 

U  *  U  O  ^  U.I  cot 

In  which  Us  and  Ui^ihtot  ara  drift  currant  and  tidal  currant, 
raapactlwaly  and  (/.  ,  U.  o  »  Tha  bottom  atraaa 

T'b  =  T^IVCkl  Ub 

alao  oonsiata  of  atatlonary  and  non-atatlonary  part.  Tha  ata- 
tlonary  part  baeonaa 

'rb''=SY' U.U,  ,  (Y'a4r/n;)<5.<) 

Ha  datanalnad  tha  valua  of  U9  and  functlona  of  , 

dapth  -11  and  oonatant  addy  wlaooalty  ^  for  tha  atatlmmry 
wind  currant  without  aurfaoa  alopaa  with  a  condition  that  tha 
total  tranaport  wanlahaao  Thus, 

Ty  =(i)T^  (5.7) 

=  3^  (  y'-e.  u,)"^ 
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Th«  ralatlon  similar  to  this  was  obtalnad  by  lehlya  (1952  )« 

al^thougb  ha  did  not  taka  into  aooount  tha  tidal  currants o 
Vaanlnk  (1958)  eanaralisad  aquation  (So?)*  by  addlnc  tha  tarn 

3SU  >2  ( 

whara  u.  is  wartleally  ararac^d  drift  currant o  Ra  appliad  tha 
ffanarallaad  fonmla  to  tha  oalculatloi  of  storm  surgas  in  tha 
Horth  Saa<, 

Fal'aanbaiaa  (1956,  195?)  traatad  tha  stationary  wind 
currants  in  a  non*rotating  shallow  watar  with  a  snriabla 
wartioal  addy  viscosity o  Tha  -  of  oration 

-h‘‘?  ^3  -  -  9 

ara  intagratad  twica  with  ,  undar  tha  boundary  condition 
that  bottom  currant  vanishas,  giving  omss  transport  ast 

^  V?  [[  ^  1^-^)  (^.<1) 

in  which  tha  surfaoa  and  bottom  ara  takan  at  S[.-oand  ^ 

rospaotivaly,  and  '7^  is  tha  vaotorial  wind  strasso  Tha  inta- 
gratad  aquation  of  continuity |  fv|  cm  ba  aaprassad  by 

M  X  “  -  a  -  (S' to) 

whara  is  a  straam  function.,  Solving  from  aquation  (5»^) 

and  using  tha  ralation  CuaJ0  x,  (  V  ~  0  have  tha 

aquation  about  x 
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In  which t 


P 


Q. 


dx,  dz 


The  bouiMSary  condition  olonr  tho  eooct  is  ^  -  P  .  (5^  '^3 
The  Toloclty^  Is  now  oxpBcssod  bjr 


1 

II 

4 

I4  7*0 

Q 

.  ZidlL,  ■ 

1 

(5- 13) 

F 

ir 

7^/)  _ 

1 

Tho  «rind  stress  erlvsn  hy  (3u2.|)  can  ho  oxprossod  In  • 
woe tor Is 1  fonss 

-rs'e  vJo.  cs-  •  14-) 

where  Is  tho  wind  woctoir  and  Wa  ~  o  Tho  eddy 

▼Iseoslty  can  ho  oxprossod  hsrt 

7  =  Ce  'Wa^  f  (z)  (S'\S'J 

nharo  X  *  followlnc  the  studios  of 

Swordrup  and  f Joldstad  on  eddy  ▼iscosltlos  of  tho  wind  drift 
In  tho  Arctic  <fOoano  Tho  constant  can  ho  expressed  by  a 

■ere  fa8d.li»:ir'  wind  factor,  ratio  of  tho  surface  drift  tc  the 
wind  sp^iodo  The  wind  factor  Cur  is  defined  in  case  of  tho 
unlfomi  win^i  flowing  owor  the  basin  and  with  such  wind,  equation 
<5o  ?  )  and  boundary  condition  load  to  <p  -  0  <  Then, 
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bgr  tftkiBS  JC  ^  0  in  •quatlon  (5*13)  oslnff  ralation 

Cw  =  I  L?o  I  /  WoL 


-  V' 
Cwi> 


r-  ^ 

t  p 

fr-ic) 


In  nhicih 


p '  i:  I 


Q  ' 


^  dr,  A's. 

fri7«) 

1, 

i'(^) 

r* 

di€  c^K 

(M7l) 

J. 

,  the  ealttoa  of  Ce 

(MOM*  VAf  c, 

/ 35*  Cw  ^ 0  »  1/*  «nd  3/4  mnpnn- 

tivniy.  TtMin  nqiMtinn  (5«<A  can  b«  tnuMfonand  Into 

*  V-  (  ^  V((>)  =  'yivr  C«^  Oinivc  A) 

in  Mikloh  'y\^  b2,  4  sad  8  for  1/2  and  3/4, 

mppoott'ooly »  nils  oqnation  onn  bo  aolTod  for  undor  tbo 

boundary  condition  (5«)2.).  The  oloration  and  onloeity 

am  dotominod  fmn  (5e^),  and  (5J3),  rospootlToly. 

Oorshongorn  (19^0a)  treated  the  «rind»driron  eiarronte  in  an 
•aoleaod  ehallow  eea  for  mriablo  wind  atroesoa,  ueinff  a  oono 
•tant  rortleal  oddy  rieoeelty  ^  «  Vhon  tbe  eonetant 

wind  streae  etarta  auddenly,  the  atoady  atate  of  aoa  leeola  la 
eatabliahed  after  a  time  period  proportional  to  ^  • 


~22. 


If 


«  paraaMt«r  (-f  /  **  l*ss  than  ^  ,  tha  affaet  of 

Coriolis*  foroo  on  tho  vind  eurront  is  nsglisiblo.  Also 
Oorshoneorn  (1960b)  dorirsd  a  systom  of  ordinary  differantial 
aquations  iritb  tino  as  a  variabl#»  by  intagratiniS  non-llnaar 
aquations  of  notion  and  continuity  ovar  an  antira  body  of  tha 
anclosad  saa.  Ha  dataminad  tha  phasa  lait  batwaan  tha  ohanga 
of  vind  stress  and  rasponsa  of  saa  laaal.  It  is  found  that  tha 
of foot  of  Coriolis*  forea  baeonas  nafflifibla  for  a  basin  of 
aztramaly  long  or  shallow^ 

With  the  non^linaar  botton  stress  inooxi>oratad ,  it  is  found 
that  tha  period  of  seiches  ineraasas  with  inoraasing  anplitudas 
and  tint  tha  charaotarlstic  diffaranoas  oeour  in  damping  in 
fraa  oscillations ^  phase  shift  and  nodes  of  rasonanoa  for 
forced  osol nations,  if  tha  ratio  of  frictional  force  to  inertia 
force  axoaeds  a  certain  oritioal  -value. 

lohiye  {1950a)  oenparad  tha  mass  transports  dataminad 
from  aquation  (5ol}  with  tha  bottca  friction  of  a  form  (5o5)  to 
that  ob-tained  by  integration  of  aquations  of  motion  with 
constant  eddy  risoosity  for  stationary  wind  currants,;  Ha 
derived  tha  expression  for  coefficient ^  in  tarns  of  eddy 
viscosity  e.st  . 

In  asflumeci  parallel  and  tb#  dapth  -li  aatisflas 

the  condition  ^ 

Ichiye  (1950b)  also  derived  an  equation  of  the  integrated 
inertia  terms  in  equation  (5>.l)  in  terras  of  mass  transport, 
eddy  viscosity,  wind  stresses  and  surface  slope  by  substituting 
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th«  solution  of  llnoarlsod  oquations  of  motion  with  constant 
oddy  viseosity  into  U.  of  the  intagral  as  tho  first  approxi¬ 
mation.  Tho  result  indicates  that  the  approximate  formula  (5o3) 
is  ralid  in  two  extreme  oases  that  the  depths  are  much  larger 
or  much  smaller  than  the  £kman*s  depth  of  frictional  influ- 
eneSf  although  in  the  ease  of  deep  sea  the  depth  in  (5.3) 
must  be  replaoed  by  the  depth  of  frictional  influence.  He 
(1950e)  applied  the  same  principle  to  the  current  generated 
by  a  circular  wind  stress  and  discussed  the  rertleal  motion  due 
to  a  wind  system  like  hurricanes.  Platxomn  (19^2)  also  used 
the  slJBilar  approximation  procedure  to  compute  storm  surges 
in  Lake  Erie  by  a  numerical  sMtbod.  The  computed  surges  show 
a  good  agraement  with  obserred  data,  by  adopting  the  eddy 
wisoosits'  equal  to  4-0  on  the  basis  of 

consideration  of  the  decay  rate  of  the  lowest  mode  of  the 
seiches  « 

Rellstrom  (19^1)  derived  velocity  profiles  of  a  stationary 
wln<!U(irt«on  enurrent  in  a  one-dimensional  non-rotating  channel 
under  variwjs  conditions  like  sloping  bottom  and  three  layered 
fluids  using  eddy  viscosity  which  is  constant  with  depth.  He 
obtained  the  relation  between  the  sea  level  ^  and  surface 
wind  stress  * 

d  (^-2.0) 

and  tested  this  relation  and  velsmity  profiles,  using  wind  tides 
data  in  many  lakes  and  a  laboratory  experiment .  KeUlegan  (1951) 
and  Francis  (1951)  also  made  ssmll  scale  laboratory  Investi¬ 
gations  on  wind-driven  currents.  Van  Dorn  (1953)  used  a 
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natural  pond  for  studyini;  the  ralatlon  batwaen  wind  strass  and 
wind  spoad  by  datamining  tha  wind  sat-up, 

Slbul  (195^)  Bwda  axtanalwa  azparlmants  on  tha  wind  tldas 
in  a  laboratory  ohannal  of  about  60  faat  long,  1  foot  wlda  and 
1*15  foot  deep.  Tha  axparlaante  ware  eonduetad  with  both  aarooth 
and  rough  botton  condition,  in  order  to  toot  tha  relation 
under  warioua  wind  apaode*  Tha  raaulta  indicate  that  tha 
affect  of  roughnoaa  of  the  bottwa  baconaa  wary  pronounced  in  a 
ahallow  v/ator,  especially  for  higher  wind  apeed,  producing  higher 
aet»up«  than  for  a  aaMoth  bottono  Tickner  (1957)  atudied  the 
affeets  of  a  wagetatlwe  roughnoaa  on  wind-aet  up  t,;i.'ing  the  aana 
ohannal  by  warying  tha  depth  of  tha  water  relatiwaly  to  tha  rough* 
neaa  height  of  0*1  feat  at  tha  botton*  Tha  raaulta  indicate  that 
when  tha  water  deptha  ware  equal  to  or  greater  than  tha  rough- 
neaa  height  t  ha  awarage  aet  up  was  higher  than  for  a  anooth 
bottoai,  but  whan  the  water  deptha  were  laaa  than  tha  roui^naaa 
height,  tha  aweragj  wind  atraaa  baconaa  prograaaiwaly  anallar, 
reaulting  in  decroaaa  of  aat-upo  Later  Tloknar  (19^0)  atudied 
the  ef facta  of  reef a  and  botton  alopa  on  wind  aat-up  in  tha  aana 
ohannal  and  analyaad  tha  data  uaing  a  nodified  fom  of  aquation 
Theae  axparinanta,  particularly  thoaa  of  Tioknar  (1957) 
prowe  that  the  turbulanca  produced  by  botton  roughnoaa  ia 
critically  loqiortant  to  tha  wind  aat-up  in  a  ahallow  watero 
Therefore,  ironically  they  indicate  tha  applicability  <yf-  tha 
ronulta  of  laboratory  axparinanta  to  tha  aituation  ia  doubtful, 
becauae  tha  atructura  of  turbulanca  during  a  atom  in  ttia  natural 
basin  is  certainly  quite  different  from  the  one  in  tha  laboratory 


channel 
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6.  Surfaea  varas  and  turbulanoa  In  tha  ooaan. 

It  18  ganarally  baliavad  that  a  atronit  vlnd  agltataa  tha 
vatar  of  tha  uppar  layer  oauslng  uniform  dislrlbutlona  of  taiiip> 
aratura,  salinity  and  other  i^opartlaa  of  water.  Also,  It  Is 
eonsldarad  that  not  tha  parlodio  motion,  but  tha  breaking  of  the 
waves  Inoraasas  tha  turbulanoa  of  tha  uppar  layer  of  tha  aaa. 

Although  energy  transfer  from  the  waves  to  turbulanoa  through 
breaking  Is  Important,  there  are  vary  few  studies  on  this  problem 
both  in  theory  and  observation.  Earlier  study  of  this  transfer 
process  was  done  in  quite  an  abstract  form  by  Ichiya  (1952^).  A 
ooiqtllng  between  wave  energy  and  turbulence  energy,  according 
to  him,  is  expressed  by  three  relations  sutfi  as 

Rt±  f  (6'0 

if  '2) 

Rt.w  -  57  t) 

In  which  *  spectrum  of  wave  energy,  Py  and  Kn  are  energy 

transfer  due  to  tangential  and  normal  stresses  of  wind, respect ively. 

*  energy  transfer  due  to  resonance  of  waves  to  turbulent 
fluctuation  of  the  wind  and  {^t,HMs  an  energy  dissipation  term 
caused  by  tbe  turbulence  in  the  water,  andp()f,t3is  the  energy  spectrum 
of  turbulence.  The  argument  ^  inf^^ty*  the  wave  age  which  is 
related  to  X(wave  number  of  ttirbulsnoe)  by  tha  formula 

(3/Jc)^  U''  ‘  ^■0 

Where  IT  Is  the  aMan  velocity  of  the  wind  at  a  reference  level. 
Unfortunately,  there  was  no  analytloal  study  on  the  spectrum  of 
wave  energy  at  the  time  and  thus  he  could  not  obtain  any  quanti¬ 
tative  result  concerning  with  the  coupling. 
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The  problora  of*  enersy  and  meKuontiHii  transTor  from  tho  air  to 
the  wator  wa.«J  treated  in  tonns  of  energy  spectrum  of  waves  for 
the  first  time  by  Phillips  {1957)  and  Milos  (1957)  •  Tliose  two 
authors  discussed  two  basic  tnochanlsms  of  wave  generation  separ¬ 
ately.  The  fenaer  considered  the  resonance  between  the  surface 
wave  modes  and  the  pressure  fluctuations  due  to  the  turbulent  wind 
blowing  over  the  wind.  The  latter  treated  the  hydrodynamic  insta¬ 
bility  of  air-soa  interface  which  was  already  dieturbed.  Stewart 
(1961)  discovered  from  the  data  on  wind  waves  sunaarized  by  Oroen 
and  Dorrestein  (1958),  a  fact  that  the  average  rate  of  monentuin 
increase  in  the  waves  is  almost  constant  shortly  after  the  onsel^ 
of  wind.  He,  then,  conc^laded  that  a  large  portion  of  the  momentum 
of  the  air  is  transmitted  into  the  water  in  the  form  of  irave  motion, 
though  some  portion  may  go  into  snail  waves  or  ripples  which 
rapidly  are  dissipated  by  viscosity. 

Phillips  (19^2)  reviewed  siibseipient  development  in  studies 
on  wave  generation  suggesting  the  evolutimwl  mechanism  of  waves 
as  follows t  the  wind  begins  to  blow  over  an  initially  calm  sea, 
the  resonance  mechanism  is  more  predominant,  until  the  waves 
become  large  enough  for  the  instability  t  o  taka  bold.  Whan  tbs  phase 
velocity  c  waves  reached  the  wind  speed  'Q'  ,  the  instability  is 
again  very  ineffective,  while  the  resonance  is  operating  at  its 
best  for  the  components  for  whidi  • 

The  process  of  dissipation  of  wave  energy  into  turbulence 
throui^  wave  energy  was  also  treatad  by  dimansional  grounds  by 
Phillips  (1958).  In  the  limiting  equilibrium  state  the  form  of 
the  wave  spe)Otruei  must  be  determined  by  the  parametexs^  involvad 
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In  th«  physical  process  of  fortnation  of  ifhitocaps  which  are  g*enor— 
atcd  dynauloally  by  the  gravitational  instability  of  the  surface* 
the  particle  acceleration  cannot  exosed  g„  Therefore,,  the  fre¬ 
quency  speotrum^ca^s  dependent  only  on  and  the  frequency  and  is 
given  by 8 


i  (.>o 


C  «  -5) 


in  which  ^  is  the  surface  elovationo  Analytical  treatment  of 
energy  transfer  process  within  energy  spectrum  of  the  waves  by  the 
nonlinear  tneohanism  was  described  recently  by  Hasseiman  (1962) 
estimated  the  eiergy  input  from  the  waves  to  turbulence,  using 
measurement  o  turbulence  spectrum  in  the  sen,  which  will  be  dis¬ 
cussed  in  later  section.-. 

More  or  loss  empirical  studies  of  eddy  viscosity  or  eddy 
dlffusivity  due  to  wave  were  done  by  several  authors,  Ichiye 
(19jJ Id) derived  the  vortical  eddy  dlffusivity  in  a  shallow 
water  ass 


M  tL>  ^  } 


{  G  -f) 


from  anal.'>^’y  with  Prandtl®s  miring  length  theory,  where  ^ 
and  Tu/  are  wave  height,  wave  length  and  period  of  waves, 
respectively  and  f-j  is  the  depth  of  the  sea.  He  compared  the 
vertical  distributions  of  suspended  materials,  determined  from 
diffusion  equation  with  this  form  of  eddy  dlffusivity  with  observed 
data.  Later,  Ichiye  (1953)  assumed  ttsat  tucs  eddy  cU  i’.;  jslvity 
In  the  open  sea  consists  of  two  parts  llko* 
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In  wfaleb  is  the  part  due  to  the  background  turbulence  and  the 
exponential  t  represents  the  effect  of  surface  vaves.  He  used 
tfxiter  temperature  data  of  the  upper  layer  at  tvo  Japanese  ocean 
treather  stations  to  determine  relationships  between  the  parameters 
in  this  eddy  diffusivlty  and  the  state  of  the  sea^ .  The  empirical 
formulae  obtained  by  use  of  least  square  method  from  the  data  for 
the  state  of  sea  from  zero  to  four  are 

=  (6.8«) 

o(  =  OsOi  Cwt-')  (e-$h) 

This  result  is  reasonable,  because^ is  proportional  to  ^  (wAvm 
length)  and  (wave  height)  and  also  because 

when  Prandtl*s  theory  is  applied  to  the  turbulence  caused  by  waves. 
However,  numerical  values  of  o(  determined  empirically  seem  to  be 
much  smaller  than  those  given  by47>y^» 

In  recent  years  several  Russian  authors  published  the  results 
of  seml-ompirlcal  studies  on  eddy  visv&auity  due  to  waves.  Dobrokloaskll 
(1947)  introduced  a  formula  of  the  eddy  viscosity  similar  to 
equation  (  '  6)  assuming  that  surface  waves  consist  of  swells 

only.  He  also  used  Prandtl's  mixing  length  formula  llket 

in  which  j^^and  '^be  mixing  length  and  shear  caused  by 

waves.  He  assumed  that  the  orbital  motion  of  water  particles 
in  the  s  urfacs  waves  transfer  momentum  in  the  vertical  direction 


as  turbulent.  Then  a  classical  theory  of  deep  water  waves  yields 


(>ir 


4.nZ/p^ 
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yh«re  {^qIs  Karman's  constant  and  other  notations  are  the  same 
as  before.  However  analog  between  regular  orbital  motion 
of  waves  and  Irregular  motion  of  turbulence  is  only  superficial, 
as  far  as  linear  motion  of  the  waves  is  oonoerned,  because  it  is 
easily  seen  that  the  Reynolds  stressj^^vanishes  for  such  orbital 
motion.  Therefore,  constants  in  the  expressions  for(l  |fl)and(/li>)a**« 
meaningless,  except  as  determined  empirically  by  comparison  with 
data  as  done  ty  Ichiyo  (1951^?;  1953d). 

Kitaigorodskii  (1959a)  developed  an  analogy  with  mixing 
length  theory  further,,  He  assumed  that  the  mixing  length  con¬ 
sists  of  two  parts  t  one  duo  to  turbulence  of  surface  *raves  Ji^,.and 
the  other  due  to  turbulence  of  drift  currents  ,  The  mean  cur¬ 
rent  shear  Is  also  divided  into  the  part  due  to  waves  (d  find 

the  part  duo  to  drift  currents  ,  The  eddy  viscosity  Is 

assumed  to  have  a  foim  llket 

I  C^)c  I  (6  12) 

In  this  equation  be  assumed  that  the  quantities  related  to  surface 
waves  are  given  by  (/la)  and  (Hi}  and  those  related  to  drift  currents 
are  by  (3‘6)  and  (3‘7)  after  the  theory  of  Rossby  and  Montgomery 
(1935)  discussed  in  .Section  3°  This  equation  seems  to  be  similar 
to  equatlonCb'-fr)  derived  by  lohlye  (l953(^)^who  determined  empirically 
the  parameters  involved.  However,  naive  application  of  the  mixing 
length  theory  as  done  by  Kitaigorodskii  seems  to  be  hardly  Justi¬ 
fiable,  For  instance,  there  is  »o  physical  ground  in  the  assumption 


that  two  parts  of  mixing  length  are  additive,  Vhat  Is  the  meaning 
of  a  term  like 7  The  reasonable  prooess  to  determine  ^ 

Is  using  the  relation  between  th*  Heynoldu  stress  u'nf'  •****  •• 


given  byji 


' 


(6-13) 


Analytical  treatnior.t  of  v.h't.s  rnk’'0\jon  in  term*!  of  wav*  character- 
istlea  Is  yst  to  eoma.  Msasuramancs  ox  Kaynoi-iis*  atraas  ad  t;ua 
oesan  also  arc  vary  scanty  and  were  obtained  only  by  Bovan  (  956), 
irhosa  results  vill  be  discussed  in  a  later  section. 

Kitalgorodskli  (1959b)  Introduced  another  theory  on  this 
problem  of  generation  of  turbulence  by  surface  traves.  He  consi¬ 
dered  the  balance  between  the  energy  of  tmves  dissipated  by 
molecular  viscosity  ,  and  the  energy  of  turbulent  flowtr  • 

The  classical  theory  of  viscous  flow  (Lamb»  1932)  yields  the 
equation  of  the  energy  dissipation  per  wave  length  asi 

gr„  =  aj'v  c*-a“  (  6  14) 

in  which  )C ^  (X  and  C  are  wave  number  ( |  i*  wave  length) 
amplitude  and  phase  velocity  of  surface  waves >  respectively  and 
2/  Is  molecular  viscosity.  Energy  dissipation  by  turbulence  per 
wave  length  is  given  from  analogy  with  viscous  flow  by* 

s Jv- ^  ( ^  ‘ ‘0 

where  V  is  the  volume  of  the  body  of  water  per  wave  length  and 
the  bar  means  the  average  with  time.  Then  he  assumed  that  the 
eddy  viscosity  *7  is  expressed  by* 


from  Prandtl's  mixing  length  hypothesis,  in  which  K  is  taken  to 
bo  equal  to  particle  velocity  of  the  waves 

u  -  cLio  e"^^cd<i('vi-cot) 

Although  the  assumption  on  u  is  not  justifiable,  as  discussed 

before,  equation  (fd^is  valid  when  propnr  values  of  ^  and 
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ar«  us«d.  Kitaigorodekii  darivad  the  equation  for  » 

avoraga  wf  ^  vith  depth  in  terms  of  parameters  of  surface 
waves  on  dimensional  grounds*  In  a  steady  state  the  energy  of 
waves  dissipated  b>  molecular  viscosity  is  transferred  to  the 
energy  of  turbulence  of  shear  flow  which  is  maintained  by  wind 
action*  Therefore,  we  have 

=  Ft 

from  dimensional  basis,  Is  expressed  by  the  following  equation 
vith  an  assumption  that  it  depends  only  on  ^  ,  wave  period 
and  wave  height  hy^(a^A.). 


i?j  - 


For  further  development  three  elements  of  waves  are  replaced  by 
three  parameters  frequently  used  in  a  theory  of  wave  generation! 
wave  steepness  >  t'lnd  speed  *|^  and  wave  age  /S  f-c/w). 
In  terms  of  the  new  parameters,  equation  (  ^beoomest 

~  =  r'w'9>f^)  (6-(0 


where 


g>(6)  =  [f  CP)]'*'  P® 


(S-M) 


because  it  is  oonfirmod  both  empirically  and  theoretically  that 
S  Is  a  function  0  like 

^  ^  -20) 

Neuman  (1952)  empirically  obtained  -^i^)  which  is  given  by> 

5  (icy  (6*21) 

Kltagorodsky  also  qnoted  a  chaoretlcai  result  of  Krylov  (1957) 

who  derived!  (  joy  (’■far  0^^75'i^l) 
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Thus,  tha  problem  is  reduced  to  determine  rni"  equation  (6*17). 
Although  validity  of  Prandtl*s  mizing  length  theory  applied  to 
orbital  motion  of  waves  is  doubtful,  Kitaigorodsky’s  argument 
might  give  some  q  mlltative  idea  on  eddy  viscosity  due  to  waves. 
From  empirical  evidences  two  conditions  on  the  behavior  of  eddy 
viscosity  are  postulated  by  him.  The  firat  condition  is* 

in  which  the  equality  corresponds  to  the  state  of  fully  developed 
sea.  The  second  oondition  is 

d[>?l/9S‘  yo  (^*54-) 

From  dimensional  ground  is  expressed  by 

(^73  =  (-jiyt  (6 ‘2s) 

Thus,  the  second  condition  (2<^  is  replaced  by 

/  3  S'  yo  •'26) 

In  order  to  determine  an  assumption  on  relationships  bs  *A‘'een 
mixing  length  and  parameters  of  wave  motion  is  necessary.  Three 
alternative  relationships  were  assumed  and  tested  against  the 
oenditioos  (i3)  and  (2^),  The  first  assumption  Iss 

A  TV  -e  -57) 

This  yields  hi  •  3  with  use  of  equations  (Ifia)Bnd  'Then, 

^  becomes  independent  on  3>  when  Kry lev’s  relation  (UfO  is 
sUbstttuted.  This  might  correspond  to  the  state  o  f  a  fully 
developed  sea.  'The  second  assumption  iss 

^  ^  C  ^  083 

This,  with  equations  (i.Vj'jand  yields  jYt  *  1.  The  function^  (8) 
now  satlfies  ineqawlity  in  ^  However «  the  funotion'l^(J^)  becomes 
constant,  and  does  not  safcify  iho  eomliiion  (.^) ,  The  third 


V 


9kori7?Tp-^a ~ 

-k  ^7,  ^  ^ 

Tt.'!,.;  'i..-'  ,'7)-r'.i,T.i:i  fTr;-.-  'ii7.1i  thii.v’  ( .m -,•  1, -.in  ;'5.955)»  Th«n  th*  funotion 

Aj'(5)is  eiv«n  byi 

“Tt  S’**  C 6 ‘3*) 

This  funotion  satlsfys  two  oondltions  (&3)  and  G4)  slraultanoouslyr 
and  was  oom Idorsd  to  bo  most  plausiblo  by  Kitaigorodsky. 

Also,  the  vertical  distribution  of  values  of  eddy  visooslty 
is  given  by  him  on  dimensional  basis  as 

^  ^CfZ  W'^)  (6  *3  0 

in  which  the  funotion  '^(X)  has  a  form  like 

-f  cy)  =  It  AoX  -31) 

with  a  positive  value  of  A^,  He  oonsidered  that  the  eddy  visooslty 
increases,  aoeording  to  equation  62)#  from  the  sanraoe  to  a  oertain 
depth  and  then  decreases  rapidly  with  depth  below  that  level. 

Boguslavsky  (1957)  determined  the  vertical  eddy  diffusivity 
from  16  daily  measurements  of  water  temperature  and  radiation  at 
anohored  stations  of  200  m  deep  at  a  distance  of  10  to  12  miles 
from  shore.  The  formula  used  for  determining  eddy  viscosity  is 


where  Q  is  the  sea  teoiperature,  Hd  is  the  depth  of  the  influenee 
of  daily  temperature  variation,  Ab  ts  the  albedo  of  the  water 
surface,  the  coefficient  of  radiation  absorption  and  Xe 

the  total  radiation  incident  on  the  sea  surface.  The  relationship 
between  the  eddy  viscosity  and  wave  conditions  is  tested  by  using 
Oobroklonsky*s  (19^7)  theory 
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«s  Co  T*' 

artd  Bowdon's  (1950)  thaory 

^  ^  Cg  A  T”^  f6‘3S) 

idiar*  -^nr  *  A  ,  and  T  are  wave  height,  wave  length 
and  wave  period,  respeetirely*  The  coefficients  «nd  C^ 

are  detemined  from  the  observed  data  of  A  vr ^  A  and  T* 
and  the  values  of  computed  by  equation  (  £'33  )•  The 

result  indicates  that  C5  is  fairly  constant  but  Cq  tends 
to  decrease  with  Increasing  wind  speed  of  1  to  5 

Sbebalin  (1957)  discussed  the  eddy  viscosity  induced  by 
waves  in  a  shallow  sea,  generalising  the  result  of  Dobronklonaky 
(19^7) •  He  considered  the  elliptical  orbital  motion  of  water 
particles  in  linear  waves  for  a  finite  depths 

x  «  Ci~'X|  +  4U  'fe  TH- 5in 

Zc  ~  C<Pd-fe  X,  (6-56y) 

where  (i'tnkk  h)“^  X^and  Zc  ^He  coordinates  of  the 

eenter  of  the  orbit,  Xj  (•  ct  ~3Cq  )  is  a  coordinate  tdileh 
is  moving  trith  the  idtase  velocity  c  in  the  direction  of  positive 
*  .  -te  the  wmve  nuakber  (  *  ) , 

aM  H  is  the  depth  of  the  sea.  The  eddy  viscosity  is  assumed 
te  be  given  by  the  miring  length  theory  ^  be  ^  /HT*) 

with  mixing  length  equal  to  ^  =  4i.Q  ^ 
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wt)«r«  th«  bar  means  Bvmrmg*  along  1X  ^  and  over  the  ware  length 
9^.  The  sheer  Is  given  by 


4*c  •£  Si'hil.  >|p  ^  -  -fe -K..^  -t?  c«r*K^ 

(«.ss) 

•here  ^(H-Zc^  t  ^=^:x, 

because  LL  —  d  "X  /  is  a  function  of  3C  i  and 


.,4  ‘S'WK  -b  C<r* 


because 


is  a  function  of 


and  Z 


and  Z,  is  not  explicitly  included  in  the  function  of  1A 
Substituting  (  )  and  similar  expression  for  3*  W 

into  the  formula  (  6'37^b)  and  neglecting  small  terms t  ve  have 


C4H,k*^uk(h-2c) 


(6-39) 


When  the  sea  is  vary  deep,  this  equNbior  becomes 

^-471'ZcA  C4*4o) 

'»T 

which  becomes  equal  to  the  equation  derived  by  Dobroklonsky (19^7) ' 


Groen  (195^)  considered  the  motion  due  to  deep  sea  waves 


consisting  of  three  parts i  the  pure  wave  notion, 
turbulent  notlonVwhich  exists  Independently  of  the 


the  external 

-a*. 


the  secondary  notion  induced  by  coupling  of  the  above  two  aotlonso 
Re  derived  the  energy  equation  over  one  wave  length  which  Includes 
the  horlsontal  eddy  viscosity  in  a  form  of  ss  well 

as  the  vertical  viscosity,  where  ^  is  a  wave  number  and  is  a 
orbital  displacemento  He  then  considered  that  the  vertical  vis«> 
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«48lty  is  tauch  »»{ -  lor  t>.«n  th*  horicontal  Tl»eositjr  which  is 
expressed  by  'A  9  froK  Richardson's  4/3.pe«rer 

lew  (Chapter  lO),  where  ^  is  n  function  to  be  detensined  fresi 
eapirleal  date. 

The  turbulence  due  to  were  action  la  denerated  by  non-linear 
processes •  for  the  aost  part  breaklnd  of  wares  and  to  the  loeaar 
dodree  the  enerery  transfer  between  different  ware  oo^ponontso 
The  works  reriewed  in  this  chapter  are  heuristic  In  their  ardu- 
■ant  and  a  more  rigorous  troatment  of  the  problen  is  yet  to  coaoo 
A  spoculatlre  treatment  by  Stewart  (1962)  of  the  relationahip 
between  the  turbulence  ind  trav*  breaking  will  be  discussed  in 
chapter  9<  Haesel&^an  (1962)  treated  the  enerdy  transfer  resultind 
from  weak  non-linear  fioupiini^)^,  between  the  spectral  oovponente 
of  tfavos  by  moans  of  e  .perturbation  mothod^  Ho  oUhinod  tbo 
energy  flux  transferred  from  three  ^aetire'*  ware  compononte  to 
a  "paaslre"  fourth  component  le  a  result  of  liie  fifth  ordor 
analyris:-  He  aiuissed  the  Gaussian  distribution  of  the  wind 
donoreted  randoo>  sea  anc  dls^natssed  the  statlrtioal  process 
whieb  is  imports r.t  in  the  e^<«>r,t:/  trar  &  fer  in  the  turbulence.^  The 
analysis  involved  is  Still  toe  oasnilicatod  to  be  ro'atod  to  the 
actual  pbenetisna. 
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7u  Effect  of  stability 

The  stratification  of  th©  lowor  atraosphero  is  as  often 
unstable  as  stable,,  This  thertnal  Instability  causes  not  only 
regular,  oell-like  convection,  but  also  inereases  the  turbulenoso 
Therefore,  turbulenee  and  transfer  of  heat  and  moisture  in  the 
lover  atmt  are  to  a  great  degree  dependent  on  the  stab» 

llityo  }!am  ologists  vorlced  for  a  long  time  on  this 

problem  anr  'heir  results  arc  summarised  by  Priestly  (1959)  in 
his  veil  vr  "ir<  bookr.  In  this  chapter,  essential  points  of 
the  progre*'  vod  in  meteorology  is  briefly  discussed. 

Bin..  introduced  the  criterion  on  the  grovth 

of  turbulence  ..  jle  fluid.  This  criterion  says  that  the 

turbulenee  grovs  or  decays  aoeording  as  the  rate  of  energy 
oonsuned  by  fluid  particles  moving  af^ainst  stability  (buoyaney 
or  Archimedes  forces)  is  less  or  greater  than  the  rate  of 
energy  supplied  to  turbulence  by  the  mean  shearing  motiono 
Therefore,  the  ratio  of  rates  of  consumed  and  supplies  energy 
represent  In  a  sense  the  intensity  of  turbulence  <  This  ratio 
is  called  the  flux  Richardson  number  and  expressed  for  the 
atmosphere  by 

_ ?  ®  _  (  7- 1 

Of,  ©  T'  /9i?,) 


vhere  0  is  the  heat  flux  and  ^  is  the  shearing  stress  of  the 
vindo  These  quantities  are  given  byx 

r=  9c, 

®  -  -•  ft  <'f.  Ve  ( 


in  whlcAi  and  are  eddy  ▼iseosity  and  eddy  dlffualvlty, 
respeetlvely,  and  Q  Is  the  temperature  and  P  is  the  adiabatic 
lapse  rate.  Negative  values  of  mean  an  unstable  condition* 
This  reduces  to  the  more  familiar  sradient  Richardson  number 


r7*4-) 


(7‘S^ 


multiplies  by  /^M. 

Monin  and  ObukhoX'*  (1953)  developed  the  similarity  theory 
of  the  turbulence  in  the  lover  atmosphere  and  introduced  the 
scale  of  length  Ia  characterising  the  stability  condition, 

in  which  (/^is  Hati  friction  velocity  { =  This  length  scale 

becomes  infinite  under  6i;eutral  stratification  and  is  positive 
or  negative  under  stable  or  unstable  condition,  respectively. 

The  mean  wind  profile  can  be  expressed  by  a  function  of  the 
dimensionless  height  z/u  $ 

u  (z,).  [  rf  %)  -  F( <7-0 

in  wbi4^  Zo  i-*  the  roughness  parameter  and  is  an 

universal  function.  There  is  a  close  relationship  among  Rf 

and  Z/2j  . 

The  similarity  theory  of  Karman  (which  was  also  used  in 
the  mixing  length  theory)  gives  the  velocity  profile  and  eddy 


viS(i>o:jjuhf  for  a  neutral  stability, 

■»¥  -TTx.  . 
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ini«n  this  thsory  is  ^snsralised  to  include  the  effect  of  stability, 
tha  modified  feloclty  profile  is  given  by* 


In  whloh  ^  Is  any  one  of  parameters  and  Z./ij  and 

Is  another  universal  function.  When  f  Is  taken  equal  to  Z/LiC'^fu)^ 
ooiq>arlson  of  equations (76)  and (7 ‘8)  yields 

F'(tu)  ?u 


The  modified  eddy  viscosity  Is  given  by* 


?»,=  '?'>  f(S)=  ?M 


(7-lo) 


In  tdiloh  is  the  eddy  visoosity  for  a  neutral  condition 
and  is  a  dimensionless  form  of  or  oan  be  regarded 

as  a  generalised  Karman's  constant  (  ~ 

relationship  between  f^(  )  ^/L  1»  given  by» 


i-R,.  B,  .  «rx) 


(7ii) 


The  form  of  the  function  f($)  for  taking  /?(  as  ^  was 
derived  from  energy  oondideratlon  by  Rossby  and  Montgomery  (1935) 


and  Is  equal  tot 


■fCPi)  =  (  11-  C,(?c') 


(7-iSl) 


In  which  C|  Is  a  positive  eonsti«.<t.  This  form  will  fail  In  the 
unstable  reglaM.  Holsman  (1943)  has  Introduced  another  form. 


This  form  will 


±(1^0  •  C  I-  Ca  PO*  (7- '3) 

Tall  at  large  stabilities  but  is  preferred  by 


meteorologists  to  equation  (7.12). 


Th«  oeMn  S'jur’faee  suppll«$  h«at.  to  tha  atraosphara  both  in 
latant  an(i  sanslbla  form  in  an  avaraif^d  condition  ovmr  tha 
saaaona  and  ovar  the  whole  oceans  Tharafora,  the  stratifleatien 
of  tha  upper  layer  of  tha  ocean  ie,  as  a  whole,  stable.  Also, 
aaehanloal  stirrlne  of  ’’‘'•o  action  is  pradomiiaant  over  eonvactiva 
mlxins  in  ...ost  parts  of  tha  world  oceans  awan  in  ooolxiigr  seasons o 
Howavar,  elassioal  hydroipraphio  raeasuramants  by  Jacobsen  (1913) 
of  ourrant  and  density  distributions  in  Norwegian  fjords  stiau» 
latad  the  interest  of  'It’iylor  (1931) «  Aeeording  to  tha  original 
nixing  length  theory  of  Prandtl,  eddy  viscosity  and  eddy  diffus- 
Tity  Is  equal  and  thus  is  also  equal  to  ,  Tbns,  fron 
Richardson's  orltsrion  turbulonee  must  be  suppressed  for  ^ 
larger  than  onoo  RowoTar,  Taylor  found  that  the  shear  stress 
and  transport  of  salinity  naasurad  by  Jaeobsan  ware  amob  larger 
than  eould  be  aeoountad  for  by  molecular  viscosity  and  diffusion 
for  as  high  as  30,  Re  computed  tha  values  of  and 
from  tha  shear  and  salinity  transport  by  use  of  relations  (7 ’2) 
and(7'3)  and  concluded  that  larger  than  for  turbulent 

flowo  The  range  of  eonputed  values  of  ys/^M  > 

for  turbulent  eondltions  are  0.02  to  0„20,  3  to  30  and  0,2  to  1,3, 
rospoetivoly« 

Townsend  (1957)  reoently  dlseussed  the  interaction  between 
the  tonporaturo  and  veloeity  fields  using  the  equations  for  the 
turbulent  intensity  and  for  the  mean  square  tonporature •,  He 
oonoludad  tbat  the  eritieal  values  of  and  R(  are  0,5  and 
0*08,  reapeetlyely  and  that  the  turbulent  motion  wotild  oollapse 
if  these  value®  are  exeeeded.  This  conclusion  uas  confirmed  fay 


-i*l~ 


tbs  experiments  ol'  heated  surface  in  a  udind  tunnel  and  of  a  Jet 
injected  alon,"  the  interfare  between  “salino  solutions  of  different 
deneitieSo  !Ie  explained  tUtat  the  large  Richardson  nunber  obtained 
by  Taylor  Is  due  to  the  irregular  wares  of  the  Interface  which 
cause  transport  of  mffinentum  and  salinity  much  larger  than  the 
molecular  rates  and  also  produce  momentum  transfer  more  Intense 
thah  salinity  transport o 

Munk  and  Anderson  (1948;  discussed  the  mechanism  of  dCTel- 
opc^nt  of  the  upper  homcgeneous  layer  and  tbarmooline  by  wind 
aotiOHo  They  considered  the  steady  state,  in  wlfci.eh  the  momantus 
transfer  downward  from  the  «rind  stress  is  prerentcd  by  the 
decrease  of  vertical  viscosity  at  the  thermoelineo  first,  thsy 
used  the  eddy  viscosity  of  the  form  (7'tS^introdueed  by  Rossby  and 
Montgomery  (1935}-.  Also,  they  adopted  the  value  of  C,  equal  to 
10  according  to  Sverdrup  (193^),  who  estimated  it  from  the  wind 
speed  measureeMnts  over  the  snow  fields  In  order  to  determine 
the  eddy  dlffusivity  whloh  is  assumed  to  be  the  same  for 
temperature  and  salinity,  thsy  utllissd  two  relations  obtained 
by  Jaoobsen  (1913)  and  Taylor  (1931)  which  are  dlsoussed  above p 
These  are 

-75  /Vm  ^  /  (7l4a) 

and 

In  the  latter  relation  they  postulated  that  should  reach  uuxty 
assjrmptotlcally  as  increases  Infinitely These  eonditk/n  yields 
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(  7-  IS) 


f't 


c 

3 


) 


-  i/i 


In  order  to  obtain  volooity  and  tempera tura  distributlene, 
they  started  from  the  equations  of  motion  of  Ekuan  type^ 


for  the  veloelty  distribution.  The  equation  of  heat  transfer 
was  taken  ass 

©  '  -  fe  If  (T-17) 

and  0  was  assumed  to  be  corSbant  with  depth.  The  Richardson 
nuatber  Is  now  defined  as 

R,  =  /  (du/iz,)^-  (7-  IS) 

o  ^  / 


In  which  is  a  generalised  thenaal  ezi>ansion  coefficient 
given  by 


4- 


A1  IP'i 

ct9  ^>S  ) 


(  V  !<?) 


under  the  assumption  that  temperature  and  lallnity (5)  has  a 
definite  correlation « 

Since  equation  the  first  approziuation  is  the 

second  order  differential  equation  of  ,  two  boundary  condi¬ 

tions  are  necessary .  They  took  both  conditions  for  the  surface^ 
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contrary  to  Ekman,.  Thes*  conditions  arot 


o  I  OiJ  Z'-c)  (7- 20^) 

*  1/ ~  TA/C^o-f)"^  (7-20b') 


i^n  whloh  is  the  wind  stress.  The  second  condition  comes 
frcn  the  assumption  that  the  surface  currents  are  the  same 
as  derived  by  Ekman  under  the  a8Suiiqi>tlons  of  constant  eddy 
viscosity  and  of  infinite  depths 

The  equations  (7'/iWnd  (7-|'^ar0  a  system  of  non-linear  dif¬ 
ferential  equations  about  U  ,  V  and  Q  for  the  variable  , 

These  were  solved  by  '><>i>)erieal  Integrratlono  It  tms  assumed 
that  is  given  by  the  rektion  o£  Ekman  (Sverdrup  et  al/  The  Oceans'* 
1942(496}  ^o~  (W  c**’/5®<jW]!^6m/seo)  and  that  the 

wind  stress  is  almost  equal  to  3,6  z  10**”  o  The  result 
computed  is  shown  in  figo  4'^'  <surves  Indicate  that  the  stress, 

eddy  viscosity  and  diffusivity  reach  the  minimum  near  the  depth 
of  mazimuu  temperature  gradient „  They  admitted  that  the  sclu,' 
tloD  becomes  inedequats  the  greeter  the  depth  owing  to  the 
asstseption  of  constancy  of  0  with  depth. 

The  parameters  which  determine  the  distributions  of  tem¬ 
perature  and  currents  are  wind  speed  ^  ,  heat  flux  0  ,  latitude 
and  generalized  thermal  expansion  coefficient  (X  ^  The  calcu¬ 
lations  showed  that  the  wind  speed  is  most  effective  in  changing 
the  distributions o  Doubling  wind  speed  causes  thsraooline  lower 
from  22  to  6l  meters  Doubling  the  latitu  raisee  the 


th«rmoolln«  by  doubling  tho  heat  flux  by  2^  and  doubling  OC 
by  only  ISfom 

Manaav  (1958)  erltlolaad  the  assumptions  of  Munk  and  Anderson 
on  the  form  of  and  ^3  .  71rstf  the  eddy  rlseoslty  assumed 
by  then  will  fall  In  an  unstable  eomitlen,  for  whieh  the  smlues 
of  Is  less  than  -O.l.  Seeond,  aeoordlng  to  Rlebardson*s 
criterion,  the  flux  Richardson  number  must  runlsh  for  Infinite 
value  of  Ri  ,  because  the  generation  of  potential  energy  Is 
Inhibited  by  Increasing  stability.  However,  Muitk  and  Anderson*s 
theory  yields  for  R,t  ^  •  In  an  unstable  oondltlon 

the  oonveotlve  mixing  due  to  Instability  tends  to  equalise  only 
the  density  along  the  vertical  direction  but  the  mean  ourrent 
Is  less  affected  by  Instability.  Therefore,  finally  the  oondl* 
tlon  ^  must  be  satisfied  for  R.i  <  O  • 

Re  suggested  the  form  for  eddy  viscosity  and  dlffuslvlty 


ast 


7m  “  e 
e 


(7  2;«) 
(7-Zlb) 


From  the  second  and  the  third  oondltlon,  there  must  be  a  relation 
7?  ^  ^  ^  O  •  This  new  form  Is  vSUlld  for  all  values 

ot  •  The  eddy  viscosity  and  diffusivi^  detenained 

from  JacSbsen's  data  (1913)  are  expressed  by  talcing  0 
When  />?-  'Tif  ^6*^^  becomev  larger  than  one  In  a  certain 
range  of  ,  In  whioh  the  turbulence  is  damped.  Be  con* 

sidered  that  the  occurrence  of  the  regime  of  damping  turbulence 
is  due  to  a  fact  that  the  disturbances  In  this  range  are  of 
oscillatory  type  having  a  certain  range  of  wave  lengths. 


o 


n 

c  x:  1*0 
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La  ter  Ifamaev  (1959)  proposed  a  method  of  detex^inlag  the  depth 
0t  no  motion  in  the  dynamic  oaleulation  of  ooean  currents  as 
tise  depth  where  the  energy  transfer  from  the  mean  shearing 

flov  Is  equal  to  the  votal  vork  done  by  Arohiniedes  forces*  ThuSy 
this  depth  Is  determined  frwn  the  relahloni 

where  ttie  surface  Is  :^;,::en  at  ^~0  and  .  the  stability, 

Assusdlng  that  the  current  and  density  distributions  are  linear 
with  depth,  he  derived s 

W  (o')  Q  Es)"^  (7-23; 

In  whl^  is  the  i.^ean  stability  given  by: 

"  L  ^  ^ 

■e  ccsqiared  the  depth  of  no  motion  H«vt  determined  by  Bcfant 
(IjHn)  with  224  ’’Meteor”  stations  and  obtained  the 

emplrieal  formula: 

=  4.6- 

Re  suggested  this  relation  to  beusod  for  astimating  vtae 
depth  of  no  motion. 

In  order  to  detormlne  the  depth  of  upper  homogeneous  layer 
of  the  ocean,  Kitaigorodsky  (I960)  intrcduosd  ths  Idsa  similar 
to  that  of  Monin  and  Obukhov  (1953)  nn  the  length  L.  In  the  lower 
atnoephere.  When  Coriolis”  force  is  neglected,  parameters 
tc  be  considered  are  wind  stiress  ,  heat  transfer  at  the 
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•  urfae*  0^^  ,  thermal  oxpanalon  ooaffleient  0(  and  gravity 

From  dlmanslonal  grounds,  ha  proposad  tha  rolationi 


-k- Ce  (go-e.y  (7-is) 


o 


In  whieh  is  a  numarloal  constant*  Ha  datermined.  from 
Nauamn’s  formula,  0o  from  Budyko*a  chart,  and  and 
from  tha  NORPAC  data  and  obtainad  ,  \fhan  Coriolis* 

forea  is  eonsidarad;  d:.man8ional  analysis  ?nQds  to  the  condition 
that  Ci  is  a  function  of  a  non-dimansional  paramatar 

-c  -f  (■  §=(  ©,)■'  (7-2  6) 

From  tha  same  da-^-i*  used  in  datarmining  ,  ha  obtainad  tha 


relation 

C  i. 


(7-2  7^ 


When  tha  vind  stress  is  assumed  to  ba  propor^^io^tal  to  the  square 
of  t(ha  ytinA  speed,  this  relation  with  the  definition  of  leads 

to  a  formula  t 

~  TS7  (f  )■’  (  7'  28) 

which  was  derived  by  Rossby  and  Montgomory  (1935)  (Soe  Eq„(3o20)i>) 

The  theory  of  tharmocline  <as  a  g).oba3  phonomana  was  recently 

treated  by  several  authors  not  from  a  point  of  view  of  turbulence 

problem,  but  of  thernobalino  circulation  of  ithe  ocean..  Ichiya 

(19580) introduced  a  modal  of  density  distributions  hasod  on  such 

an  idea.  When  the  vorticity  oquatjoa  of  planetary  motion  is 

differenclated  with  ^  end  the  aquation  of  coittxnuity  and  tha 

gacMitrophic  relation  ero  substituted,  wo  have: 

CP  ) /a  Z  **  -h 
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wh«n  frtetional  t«nns  are  naelactad.  In  this  aquation  tha  ^..aais 
la  takon  aastwarda  and  is  tha  latitudinal  ohan^  of  • 

Tha  aquation  of  transport  of  aasa  baeoaias 

ainea  tha  eaostrophio  asauinption  for  horiaontal  currants  makas 
tha  adraetlon  tarma  almost  r.?ncal  each  othor<  Tha  result  indi* 
eatas  that  tha  dansxry  Increasing  eastwards  causes  upward  notion 
and  oraates  sharp  tharmoelina  near  tha  surface,  while  the  density 
daoraasing  eastwards  causes  downward  motion  and  makas  tharnoclina 
deeper*  Robinson  and  Stoimnol  (1959)  discussed  the  similar 
problem,  by  using  temperature  in  place  of  density.  Instead  o  f 
(7  J^)thmy  used  the  differenc.J.ated  vortioity  equation 

-  <olf$f'^)a6/3x=o  (7  31) 

and  the  mass  transport  equation 

d^d/9Z^  -  icr  dB/dZ  “  j  (7’32.) 

in  which  they  retained  tha  adveetion  term  of  the  latitudinal 
direction.  Both  of  these  studies  indicate  thct  the  change  in 
the  depth  of  the  thermoollne  is  dependent  on  the  certloal  motion 
of  a  grobal  scale  and  the  effects  of  vertical  eddy  diffusivity 
on  the  thermoollne  is,  if  any,  of  a  minor  role. 

There  are  two  studies  which  treated  the  effects  of  both 
waves  and  stability  on  turbulence .  Kent  and  Pritchard  (1959) 
considered  the  mixing  length  of  the  formi 

1=  Jto  (T  /  ±  Ri  )■"  (7  33;) 
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in  which  JPpta  the  iralue  corresponding  to  the  neutral  stability » 

The  constant  T)  and  dAMble  signs  were  determinod  by  different 
authors*  and  plus  sign  by  Rossby  and  Montgomery  (1935 )t 

end  minus  sign  by  iioluaan  (19^3)  and  h~"i  and  plus  sign  as 
another  alternatlye^  Theni  they  applied  the  generalised  mixing 
length  defined  by  Montgoeaery  (1943)  for  a  eylinder  of  any  cross 
•cctlcn  to  an  estuary  of  the  finite  depth  /-/  •  Nontt»omery*s 

definition  is  I 

[  ~  d  ^  1  (7*34) 

^C4>) 

where y<y(^)U the  distance  in  the  direetiont^  from  a  point  considered 
to  the  wallo  This  expression  of  Jl  beoomes  for  the  estuary 

2/H).They  further  assuoMd  that  the  effect  of  surface 
waves  decrease  with  depth  as  'Z,/\)  «  where  A 
is  the  wave  length.  Combining  these  two  effects,  they  got 

-  L’!- (i- ^>-0  (if  o  e (7  3S) 

where  is  the  constant  to  be  determined. 

They  determined  the  mixing  length  from  the  data  of 
fluctuations  of  a  horisontA  •clooity  along  the  estuary  and 
salinity,  assundLng  that  __ 

f7-36«,b) 

yibmrm  the  primed  and  barred  quantities  represent  the  flustuatlons 
and  mean  values,  respectively.  They  used  the  geometrical  mean 
of  and  os  the  observed  mixing  length  and  ooa^ared  with 
the  form  derived  from  theoretical  consideration..  However, 
their  results  are  hardly  re  d^le  with  so  inany  unproved  assumptions 


involved 
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Kitaigorodsky  (19^1)  diseussod  first  tho  temperaturo  dis¬ 
tributions  duo  to  tho  turbulonco  eausod  by  wave  notion  only  and 
than  tho  effoot  of  stratifioation  on  tho  wavo-gonoratod  turbu- 
loneo.  According  to  his  oar liar  study  roviowed  in  tho  previous 
soot  ion  tho  orbital  Bu>tion  and  tho  avoragod  (or  integral )  eddy 
visoosity,  are  from  dimensional  basis  given  by: 


(7-3'0 

7  - 

(I'iS) 

(  S  “wave  steepness^ ,wavo  height, A  wave 
_  length) 

respoetivoly ,  in  which  <\  =  /stJC  and  the  period  is 

replaced  by  wave  length*  The  o  onstant  c/  depends  on  the  hypo¬ 
thesis  for  mixing  length  or  "turbulonoy  scalo'*  by  his  terminology 
and  it  is  equal  to  3  for  tho  most  plausible  hypothesis 

When  tho  statiotiary  state  is  reached  under  the  stirring 
action  of  waves,  the  physical  parameters  which  detertnino  the 
vertical  profile  of  temperature,  nro  heat  flow  @  ,  specific 
beat  oapaoity  ,  density  S’  »  ^  wave  length  ^  ,  if 

the  stratification  is  almost  adiabatic.  The  dimensioRal  and 
similarity  oonsideration  yield: 

cte/dz,  ~  ©’‘A.-'  f  (e)  C740) 

in  which  0''^and  G  are  tho  charactoristic  temperature: 

e*  ~  '  ©CCf,y)"'(gA)"^  (7-41^ 

and  a  dimension-less  vertical  coordinate  €  =  s  res¬ 
pectively  and  ia  an  universal  function.  Assuming  that 
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is  given  by? 


the  eddy  diffusivlty 

^  ~  ^  r  (2!^) 

he  derived; 

?D  “  r^i-TrS)"'  e:-<3) 

by  using  the  assuiiq>tion  that  ^  'v.  »  where  fCj;}  is  the 

unknown  numerical  c  onstant«  For  developed  turbulence  it  is 
shown  that  the  ratio  '/  /  is  almost  equal  to  the 

molecular  Prandtl  number,  which  becoses  10  for  the  sea  water o. 
Comparing  the  heat  transport  equation i 

with  equation  ('7'^C)  ♦  determined  the  functional  form  of 
^  intogcation  of  equation  (7’'4<j.)ii<ith  %  yields 

the  temperaturo  distribution  a 

0  (€)-  0fo) 

in  whioh  is  definod  by 

Cf(e)  = 

and  €  o  ~  'if  ^  -  The  value  of  0y.  is  now  expressed  by* 

e»=  cMe'i 

When  stability  is  taken  into  account,  the  universal  function 
must  be  replaced  lay  which  is  tho  new 

dlmension-less  paraniete;'- 

(Vj^  '  (S)i 


and  c<  is  tho  teatporat.n  o 
It  Is  evident  that  c5 ^ 
the  buoyancy  forces 


oKpansio::  cocffiCAOn- 
C  e: ,  Ms)-^K£'1  at  Ms 
bo  nag  (.actritc;  i  t  at 
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(  - 
->  O 


(t.,3  ,  xfhoii 


■'  on  huJ^  ■iin.  o  ocale” 


^  is  a  function  of  Richardson  number,  which  is  expressed,  for 
the  wave  generated  turbulence  ast 

If  the  formula  of  }  is  assumed  to  bet 

H  )  C  74?) 

where  T  according  to  Rossby  and  Mont~ 

gemery  (1935),  the  calculation  similar  to  the  neutral  stability 
yields  the  teraperatuire  distribution,  universal  function  Hs^ 

and  Ms  * 

e(e)  -  6(O-0.[y,  fe>i5')-SP,  <7-^0) 

fa'-  Mse^a)-'  lyj-/) 

Ms  ”  B»  101''  (7-Si.) 

Where  (>o^ls  the  numerical  constaiito 

He  determined  th«  vertical  distributions  of  tOt!,]^*raturo  in 
the  upper  layer  of  the  sea,  mlng  equations  Ttfere 

is  an  enpirioal  relation  between  ate«pnes8  and  wav®  age 
(  C  is  wave  velocity  and  is  tbo  wind  speed For  the  fully 
developed  seas,  Cyfl7r  0'/ and  S"  0.032*  The  vavo  length  for  this 
state  Is  a  function  of  wind  velocity  and  is  given  bys 

■A  =  ^  3>(  W  ^  (j.SS) 
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Th«7ttfore  the  t«inp«rature  distributions  in  the  fully  developed 


seas  are  determined  Troa  equation  ('74^and  (  7 S^tdion  <ind  0 
are  known*  The  results  of  such  ealoulations  are  shown  in 
f±g»S  by  takinflf  (h)  »  g'v  9 /  0  K  p  *  ^  •  0 

^  o  X  I  a>icl  o/-6-OK|o'^. 


The  ourvtfs  Indicate  that  the  wave-^neratod  turbulence  creates 
the  upper  homogreneous  layer  t^ith  thickness  of  the  order  of  one 
wave  lenifth,  that  this  thickness  increases  with  the  wind  speed* 
that  there  occurs  a  sharp  thormocllne  belou  the  homogeneous 
layer  and  that  the  effect  of  stability  causoe  a  more  abrupt 
gradient  of  temperature  in  the  thermocline. 

He  suggested  that*  Instead  of  wind  velocity  .  a  frictional 

velocity  of  wi.nd  W (—  \fP75«.  )  should  be  used*  since  the 
latter  is  a  more  objective  characteristic  of  wind*  Then  para¬ 
meters*  Q  *  1  Gr  and  Ms  can  bo  cstpressod  vith  WV- 

in  place  of  ^  from  the  relation  ^  W*  • 

The  wave  age  c/Wr  depends  either  on  the  dimonsionloss  fetch 

a  limited  fetch  jP  or  on  the  dimensionless  duration 
^TdlWv  ®  limited  duration  7^  »  For  the  fully  developed 

seas  in  an  unlimited  fetch*  is  a  certain  universuJN  and  thus 

all  tbase  three  parameters  are  determined  if  two  parameters  vV)f- 
and  0  are  known. 

He  fui^tber  disou.ssed  tho  validity  of  several  assumptions 
involved  in  bis  theory.  He  ar^ed  that  tho  assumption  of 
unlfnrm  steepness  is  permissible  if  ws  take  this  stoopness  as 


an  averaged  valua  from  the  observed  spectrum  of  waves*  Also* 
the  assumption  of  taking  only  as  the  energy  supplying  mean 
shear  flow  is  valid  because  the  mean  transport  flow  (drift 
current)  of  Stokes*  type  and  its  vertical  gradient  in  the 
distance  of  order  of  ^  are  much  smaller  than  the  orbital 
velocity  and  its  gradient.  He  also  argued  that  the  mixing 
in  fully  developed  seas  is  mostly  c.j  m  ©d  small  scale  tur- 
biience  (  considered  here*  because  in  such  state  a  large 

part  of  wave  energy  is  transported  by  waves  propagating  with 
a  speed  close  to  that  of  wind  and  is  not  used  for  mixing. 


-di©  (®  c) 


-4.0  -3.0  -2.0  -1.0  0 


Fig,  5*  Vortical  profiles 
of  water  temperatures  for 
different  wind  speeds. 
(Kitaigorodsky , I96I. ) 

(  c/W=  0.7,  @=6.9*10“^ 

g  cal/sec^,  ^  =8,14,32 
and  80  cm  for  W=5,7,10 
and  15  m/s , respectively . ) 


100 
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Ellison  and  Turn>jr  (l959)  introduced  the  concept  of  entrain- 
■ant  in  a  flow  syotect  in  which  a  lighter  fluid  is  eaitted  by  a 
source  under  a  sloping  roof  (or  a  heavior  fluid  on  a  sloping 
floor).  In  the  pltm.i  or  jet,  x-  and  Z~  axis  are  taken  along  atd 
perpendicular  to  it.,  respectively  and  U  ( X  ,  Z)  is  its  mean 
velocity  relative  to  that  in  the  ambient  fluids  Its  velocity, 
length  and  density  ^'lales,  JJ  (x")  t  ^(X)  and  ,  in  the  cross 

section  and  the  flux  or  density  difference  (independent  on  X  )  A 
defined  by 

T7-R  =  J  ‘ 

A  =  r  (■  +  C7’S4C) 

where  the  suffix  ^Aeiers  to  the  quantities  of  the  ambient  fluid 
and  Z,  is  measured  from  the  boundary  (roof  or  bed)  for  the  flume 

but  it  is  measured  Trom  the  plane  of  symmetry  .  the  jet. 

The  entrainment  cons' ant  £  is  defined  by: 

d  i-R  C -r  Ub)l  Mx  =  E  lUl  (7-55) 

In  the  case  c‘  a  lighter  fluid  flowing  up  a  xoof  over  a 
stationary  r4mbien'  fluid  ((Ji>~o}>inwhich  the  preasure  rs  hydrostatic, 
tho  equations  foi  continuity  and  momentum  transport  become: 

=  CCThst.  (7-^^) 

=  -  c  D"  -  i  r 

S,?M=  ^  C75»«,b) 

and  CL  '•»  iha  sloi  e  of  the  plumoo  Equation  (7'5'^)  represents  the 
moment m  balance  of  the  fluid  contained  rn  the  volume  bounded  by 
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■X  y  d  y.  •  j  ^  firsst  t*nn  on  the  right- 

hand  side  is  tho  frictional  drag  of  the  roof)  the  second  expresses 
the  difference  of  tho  integrated  hydrostatic  pressure  on  the  planes 
X  and  >nd  the  last  tern  represents  tho  gravity  forcoo  The 

drag  coefficient  C'  i»  not  constant  but  varies  w^ith  the  shape  of 
the  profiles  and  tho  stability  near  the  walls 
Introducing  tbc  overall  Richardson  nuriber 

^  5s  .  i  A  /ir*  =  A  a. /  u^^fcr+UO  (7'S9) 

and  using  the  coefficient  of  entrainment  of  equation  (  with 

"ZTb  -  O  j  equation  (7*^7  ^  leads  to  separate  equations  for  a£/dx 
and  ct  Rt  /dy  ’ 

=  (2--^St  Rc)g  (7‘6caj 

I  -  S,  R-t  ‘ 

if  S|  ,  Sa,  and  ^  are  assumed  independont  on  ^  « 

For  'bO  j  these  equations  reduce  to  thoso  in  hydraulic  theory 

t 

of  a  varyi'4g  flow  of  homogeneous  fluid  in  an  open  channel r  However, 
in  the  present  caso,  attains  Ri.  >i  for  which  ctRi  /cl:t»  0  in 
a  short  distance,  aftojwards  remaining  conttant  but  continues 
to  increaso  accordrng  to  /dx  -  £  (  R  C 'yt  )  -  From  another 

analogy  wicb  the  ordinary  hydraulic  for  S  ,  R  <  ^  1 

flow  is  called  tranqurl  In  tho  sense  that  thu  velocity  of  lung 
internal  waves  is  greater  than  the  flow  vyi<.city,  end  fci  j 

it  is  called  shootrng  since  the  disturbJincG.?^  ai'c  una'olo  tc 
propagate  upstream^ 

Two  series  of  laboratory  experiments:  the  sptaad  of  a  suz'faca 


^  clRi  .  r  if-  i  S.  R.  > g  -s;  Rt  g  T  C 

SRt  dx  "  i  -  Pt 
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over  •  heavier  fluid  below  and  the  flow  cf  a  heavy  fluid 
down  the  sloping;  floor,  show  that  ^  falls  off  rapidly  as 
increases  and  is  probably  negliiTible  for  greater  than  about 
0.8. 

The  laboHbory  results  can  be  used  for  determining  the  velocity 
of  flow  of  a  larger  scale  from  the  values  of  ^  ,  i.e.  a  katebatic 

wind  or  the  release  of  methane  in  a  mine  gallery.  For  the 
turbidity  currents)  can  be  determined  from  the  flow  velocity, 
since  in  this  case  £  becomes  so  small  owing 'to  small  (X.  that 
the  relation  A.  »  C  is  valid. 

Ellison  and  'burner  (19^0a)  made  laboratory  experiments  on 

the  behavior  of  a  layer  of  dense  salt  solution  introduced  through 

cok*chy 

a  dit  on  the  floor  of  a  sloping  rectangular  pipe7^*fio  von  t  i  1  a  ting 

stream  of  fresh  water  flows  with  or  against  gi*avity.  In  the 

case  of  ventilation  with  gravity,  the  turbulence  has  little 

effect  on  the  behavior  of  the  system  and  mixing  decreases  over  a 

wide  range  of  the  ventih  ting  velocity  as  it  increases.  In  the 

case  of  varitllation  against  gravity,  two  distinct  cases  arise 

according  to  the  ventilating  velocity;  when  it  is  largo,  all  the 

salt  solution  is  carried  uphill,  forming  a  layor  idiose  thickness 

increases  with  distance  (fully  reversed  flow),  and  when  it  is  small, 

a  part  of  the  salt  solution  flows  downhill  and  thus  three  regions 

of  flow  are  distinguished.  ‘Ihe  rate  of  spread  of  the  edge  of 

the  salt  solution  in  the  fully  reversed  flow  is  found  to  depend 

mainly  on  the  slope  and  on  the  pipe  Richardson  number 

where  P  is  the  d^ipfch  of  the  pipe,4^=  f^I^andi^^^are  the  density 

of  the  fully  mixed  discharge  and cf  the  ambient  flow,  respectively. 
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In  thtt  rani^c  of  from  0  to  0r505  tti«  rat*  of  spr«*d  d*or****a 
by  a  factor  oi  about  '>  at  small  alop**» 

tlllson  and  Tumor  (1960b)  coaputod  tb*  offoet  of  tti*  donalty 
difforonco  on  tbo  voloolty  profli*  In  t  olopins  pipn  usinc  tbo 
oqiiatlon  of  motion  intocratod  mitb  doptb  Z  vith  an  aaovnption 
that  ^  and  u  indopondont  on  X  t 

CM-»)  ^1^  ^  s.««  A (*r>iO 

ohoro  7m  ***•  vlacoaitf,  M  **  dofinod  by 

and  and  aro  tho  prosauro  and  tbo  atross  at  tbo  roof.  Ibis 

aquation  is  furtbor  intoyratod  with  X  »  assuainy  that 

/i  ’  Ai  (I  -  */«a)  t"  *0 

obor*  ia  tbo  boigbt  of  tbo  aatralnod  salt  layor.  'Th*  rosulta 
aro  ooaparod  vltti  aoaaaf  oiionto  obtainod  by  tininy  stroaks  of  dy* 
at  rarioua  laTolo  in  tbo  plpn.  Tboa*  rolocity  profiloo  toyotbor 
vith  donalty  proflloa  aro  uaod  to  dotorain*  tbo  dopondonoo  of 
oddy  viscosity  and  oddy  dlffuairity  of  salt  ^  on  tho  local 

Riehardson  nuabor  Rj*  «  -  )  C 9 o  It  is 

fonnd  Mmt  7$  I*  anob  aor*  yrnakly  affoctod  by  tho  donalty  yradiont 
than  7pf  that  7y  /  7p|  *  docroasinf  function  of  R  ^ 

Th*  rosulta  ayroo  vith  Miann*s  0957)  prodiotion  that 

n/7M  Cl~  Hf/Rjc)  (hQfy*'  (7'<4} 

vboro  Rj  is  tbi  flux  Riobardnon  nuabor  and  is  its  critical 
▼alnot  at  vhich  —0  •  Tbo  tnluo  of  dotorainod  is 

about  0,10.  Also,  th*  soai»oapirial  method  is  dorirod  to  t^iro 
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th«  r«Mtiont 


^  i/\  ^  dtA/dx  C7-65J) 

f  0 

wli«r«  ^  s:  0“^  «rfX  o  Thi»  relation  and  aquation 

<  y*  42  )  (iaa  tha  ratio  In  taraa  of  tha  ovarall  pro¬ 

parti  as  of  tha  flavo 

tiliaan  (1957)  disouaaad  tha  ralations  batwaan  turbolanoa 
intanaitiaa  and  nixinf  in  a  stratifiod  fluid*  daririnc  tha 
aqaiftiona  for  tha  aaan  aqicara  danaity  fluctuation,  tha  turbulant 
9n0rgY  and  tha  dansity  flax  fras  tha  continuity,  tha  SfaTiar-Stokas 
and  haat  eonduotion  aqnattans,  raapaothraly*  Vhan  .smuli  tanas  ara 
naglactad,  thaaa  aqnatiann  haoahei 

(9'/^^,)  t  4.T/4z=o  f7-60 

/(STaJ  U  ^  (7' ^7) 

'i  TO*  t"9^  ^/f *£? 

*diara  ^  »  T}t  “"d  ^ara  daaay  tinaa  raspactivaly  for  (9^ »  U(** 

and  which  night  ba  diasipatad  by  turbulanca  in  tha  absanca 

of  tha  producing  of facts. 

Bllnlnatlng  froai  (7.  ^6  )  to  (?-.  6^  )  and  using 

7f  =  i  -ITuF 

*'*  *^''*  _  u?  ^  t  (7,71.^ 

^  (Ta./T5')0- 

If  «a  taka  H/Tj  ***• 

at  which ranlshas  is  0.15o 

If  tha  langth  soala  of  turbulanca  L  is  dafinod  as 
wa  hara,  fron  (7.  67  )  •"<*  (7.  M  ), 

Lm  -  u;^  L  PfO'Rf)  '7.70 

Tha  soala  dafinad  as  tha 

▼artical  distanca  trarallad  by  a  particla  wbich  iv  liftad  aga^r.-^t 
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til*  •tabilltjr  du«  to  its  kinstic  snsroy 

vs  hsvs 


Fro*  (7*^^  )  snd  (7.7/  ) 


77  fT  £f,.Ig£;L 

9  ■  ‘-H  To  h  Rf 

which  shows  thst  in  stshls  ownCItisns  Lp  bsooass  snieh 
thnii  , 


(ru) 

llsr 


Thors  Is  no  ■oosoroBonA  nhioh  sro  prooiso  onoucb  to  onsblo 
thoso  rolotiono  to  bo  oboohoAI.  till  son  roforrod  to  tho  work 
of  yrsutBow  (lf53),  niH»  rhhilhhi  ourronts  and  salinity  in  tbs 
Kattocat  aMosurod  by  JositsoB  11913)  and  obtainod  tho  erltloal 
onluo  /^srowid  O.tS. 

llllBon  oonoldorod  in  Uhls  npproaoh  tho  transport  proeoss 
in  a  boundary  layor  tmBoBtbtinc  constant  aboar  stress  and 
constant  hoot  flux.  But  TocBscnt  (1957)  discussod  tho  similar 
probloB  in  a  fluid  far  frcB  tnotralnlnt  boundarlas.  Ho  used 
tho  aquation  f>  r  olia«%o  of  r.B.a.  of  tho  toiaporaturo  f luctuations0 

»  X  <  'i  r7'73j) 

and  tho  oquatlon  for  tho  klnotlo  ononr  dT  tho  roloclty  fluctuationsc 

^  57*  .  y-uTWZ,  (m) 

for  dotonainlnc  tho  flux  Rlahardaon  nunbor,  whoro  Q  »  U  and  'Ut 
aro  tho  fluctuations  of  tBSporaturo,  horisontal  and  vortical 
roloclty^  TJ  and  T  nFO  tho  noon  boriaontal  voloeity  and 
toBporaturo,  and  X.  and  aro  nolooular  diffusivity  and 
nolooular  Tlsco>*^ty^  roopootlooly.  Tho  dissipation  tom  is 
roplaeod  by  tho  tom  Ineludlnt  tho  dissipation  1  snath  seals  ^ 

on  tho  basis  of  slnilarlty  hypOthosls  that  turbulont  dissipation 
of  onoray  is  proportional  to  3/t  ■"  power  of  tho  intonsityp  Tho 
roplacaaont  of  tho  nolocular  oonduction  tom  by  tho  tom  with 


tha  turbulanca  lanf^th  scale  is  to  some  extent  foiraal,  but 

it  expresses  the  fact  that  the  large-scale  properties  of  tur¬ 
bulent  transport  are  Independent  on  molecular  piocessesc 
The  eddy  eiscosity  and  eddy  dlffusirity  are 
respectively  defined  by 

%  =  (  ■uTO''  ;  *  hva\ 

Combining  equations  (7«  7^  )  **nd  (7.  7  4  )  loads  to  a  quadratic 

equation  for  the  turbulant  heat  transport,  whose  aolution  nay 
be  written  in  terms  of  and  t 

=  i  r>-  c.-  (r7i) 

whera 


Ry 


T 


( 


4^ 


X 


)r^) 


This  equation  indiotas  that  tha  real  valuas  of  the  turbulent 


haat  flux  (or  Rf  ara  only  posslbla  if 


This  seta  the  limit  to  possible  values  of 

<  :k- 


(7-77d) 
f  7-7  70 


This  limit  is  additional  to  the  limit  set  by  the  energy  equation 
alona(R^<  |  ^  and  it  arises  from  the  additional  condition  for 
the  teaqi>ereture  f luotuationso  The  actual  value  of  the  limit  of 
was  found  to  be  d>out  0,08  from  laboratory  experiments  as 
dlscussad  in  the  earlier  pert  of  this  chapter. 
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8,  Enipi.rica  l  on  of  vortical  eddy  viscosity  in  the 

ocean.. 

Many  oeeanographors  devaloped  different  Methods  of  esti¬ 
mating  vertical  eddy  viscosity  in  the  ooeen  after  the  idea  of 
Austausoh  waa  introduced  into  oo«anecraphgr  about  half  a  oontury 
agOo  In  general  tareis  there  ere  two  eatogories  in  sueh  methods  o 
To  the  first  oategory  bolong  tha  wldoly  laad  methods  in  whloh 
the  equations  of  mean  motion  are  epplied  to  the  observed  distri¬ 
butions  of  velooity.  Also,  in  meny  oases,  the  mean  distributions 
of  properties  of  water  like  teBq>erature,  salinity  and  oxygen 
were  used  in  the  transport  equation  to  determine  the  eddy 
dlffuslvlty.  The  second  oetogory  includes  the  methods,  in 
tdileh  the  Reynolds  stress  are  meesured  directly  and  the  oddy 
viscosity  is  dotormined  from  the  ratio  of  this  stress  to  tha 
shear  of  the  mean  flow*  This  approach  has  been  taken  recently 
by  Oowen  end  Feirbairn(l95£)* 

The  methods  of  determining  eddy  viscosity  from  the  mean 
velooity  distributions  can  be  divided  into  two  types*  One  type 
is  to  use  as  a  mean  flow  the  currents  measured  with  some  averaging 
process  like  Impeller  type  current  meters  or  hydrographic  cast 
fo^  dynamic  calculation  of  ourronts.  In  oceanography  there  are 
"  few  measurements  which  are  repeated  at  the  same  place 
except  in  a  shallow  water.  Therefore,  in  most  oases  the  data 
obtained  by  one  measurement  were  oonsldered  to  represent  the 
average  condition,.  The  second  type  is  to  use  harmonic  components 
of  currents  or  concentrations  obtained  for  periodic  phenomena  like 

tidal  currents  or  daily  and  annual  change  of  oceanographic  elements  . 
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Tb«  aquations  of  momantum  transport  of  tho  naan  laatlon  ara 


cl van  by  I 


and  tha  tranaport  aquation  of  conoantration  S  is 

II  .  s  = 

nbara  Z  vartioal  ooordlnata,  is  tba  valooity  vaetor, 

is  a  mtatlon  vaotor  of  tha  aarth  and  ^  and  ara  tha 
addy  vlseosity  and  addy  diffusivlty,  rospeotivaly. 

Tha  first  typa  of  a  athods  of  datarsinine  addy  viscosity 
is  assantially  to  intaerata  (S'  I )  or  Z  •  result  is 

(?  ill  -  (1 


(7.IIV  fa 


(^■4) 


in  wfai<A  naans  Sana  rafarahoe  leval.  Those  equations  indicate 
that  addy  viscosity  or  addy  •il^’fusivity  at  a  dapth  can  ba 

datarninad  whan  its  valua  at  tba  rafaranoe  level  .  ^  ^  in 

addition  to  tba  distributions  of  naan  velocity  and  mean  oonoon« 
tration^  is  known* 

In  many  applications,  several  assumptions  were  made  in  order 
to  simplify  tba  eosputatlon.  They  are,  for  aizample,  steady  state 
(  3  ^  /Bi  -o  or  as*At=t>)  »  no  vertical  motion,  or  no|leet 
of  inertia  terns  (  , 

The  reference  level  is  taken  either  at  the  sea  surface  or 
at  tho  bottom.  At  tha  sea  surface,  tho  flux  uf  momentun 
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is  aqual  to  the  vind  stress  which  can  be  dotemined  as  a  function 
of  wind  velooity  as  discussed  before.  Also,  the  flux  of  heat 
or  salinity  at  the  surface  determined  by  heat  balanoe 

between  net  radiation  and  sensitia  and  latent  heat  transfer  to  the 
air  or  the  difference  of  precipitation  and  evaporation,  respec* 
tively. 

TtThen  the  bottom  is  taken  as  a  reference  level,  the  bottom 
stress  determined  from  appl5.cation  of  the  mixing 

length  theory  to  the  boundary  layer  close  to  the  bottom.  The 
flux  of  heat  or  salinity  is  usually  considered  to  vanish  there 
but  the  flux  of  suspended  materials  is  finite  and  dependent 
on  characteristics  of  bottom  sediments  and  turbulent  condliicns 
near  the  bottom. 

The  examples  of  works  on  determining  oddy  viscosity  or 
eddy  dlffusivity  at  various  parts  of  the  ocean  by  this  method 
are  summarized  in  the  text  books  of  Proudman  (1953)  and 
Oefant  (194S|)«  One  such  which  is  often  quoted  i  a  the  study 
of  Fjoldstad  {1929),  who  determined  the  vortical  distribution 
of  eddy  viscosity  by  using  data  of  drift  currents  over  the 
Siberian  Shelf  obtained  by  Sverdrup,  The  di.itribution  is  givan 


in  which  H  Is  the  dipth,  ^  Is  the  surface  eddy  viscosity  and  Ze 
is  a  constant  of  a  dimension  of  length.  Fel*aenbaura  (1956) 


modified  this  equation  by  applying  the  mixing  length  theory 


to  the  surface  stress  and  obtained  tho  aquation t 

7  =  0,4  r  wHi  (\~  z/hj  (^'0 
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in  which  wnd  L(^  is  fchs  wind  spscd  &.nd  surfsos  current  speed, 

respeetirely  and  "Jf  is  the  drag  coefficient  of  wind* 

The  method  was  modified  to  determine  the  eddy  diffusirity 

of  properties  which  are  not  oonservatlre.  lohiye  (1952a) 

determined  the  eddy  diffusiwlty  of  water  temperature  near  the 

surface,  inoludinc  rn  the  richt  side  of  equation  ($2) the  term 

Qpg~fit^which  reprenonts  the  absorptj.on  of  radiation  toy  *fater. 

Also,  toe  (lohiye,  used  transport  equations  of  oxygen, 

phosphates  and  silicates  with  terms  expressing  the  effects  of 

oonsuB^ition  and  production  simultaneously  with  the  equations  for 

mors  or  lass  oonservatlxe  alements,  temperatore  and  salinity. 

Thus,  he  determined  the  vertical  distributions  of  consumption- 

produotlon  function  as  well  as  the  eddy  •ixffusivity,  assuming 

the  same  eddy  diffuslvity  for  each  pair  of  olemants.  Later 

ha  (Zehiya,  19>^  )  elaborated  the  method  to  compute  the  eddy 

diffuslvity  as  a  function  of  sigmaot  instead  of  depth,  because 

the  correlation  curves  of  non-> conservative  eleieunts  and  sigma- 1 

are  almost  Identical  for  the  same  water  mas suggesting  that 

the  affects  of  horizontal  adveetlon  and  diffusion  are  eliminated, 

Olcutoo  (1958)  applied  the  idea  of  using  simuli^anoously  transport 

aquations  of  temperature  and  oxygen  to  qualitative  dissusion  of 

oxygen  coepensation  depth.  Mxyoshi  and  others  (1955)  dis  lussed 

the  vertical  distributions  of  rads oacti v3 ty  of  sea  water  in  the 

equatorial  Pacific  polluted  by  nuclear  bonib  o  periments  at  Bikini 

in  195^.  Collaring  theoretical  distributions  computed  with  an 

assumption  of  constant  vertical  eddy  dif fas > vity  with  observed 

data,  they  estimated  the  diffuslvity  os  5  c.T^/sec,  Although 

their  theory  1*  not  rigorous,  the  propsr  a»'R lysis  of  the  data 
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of  distrlbutions^ueh  artificial  radioactivity  raiebt  git'O  an 
•xeollont  tool  for  dotormining  oddy  diffusivity  as  vail  as  for 
trails  A  our  rant. 

Tha  second  iMthod,  astimatlon  of  addy  diffusivity  by  usa 
of  hsrmonlo  oooiponante  vas  first  darivod  by  Fjaldstadt  (1933) 
and  vas  ganaralisad  by  Zobiya  (1952g),  vho  included  the  tarias 
of  advaetion,  oonvaetion  and  absorbtion  of  heat  (or  any  source 
or  sink).  The  latter  started  from  tha  transport  aquationi 

If  +  0  =  ^  H)-  ^  +  Qe  «?-7) 

in  which  and  -ti)*  aro  horisontal  and  vortical  velocity, 
Vespaotivaly,  and  Qt^  is  the  source  function.  It  is  assumed 

e  =  X  e‘  ,  Qg=  Qc  e  e  =r ^‘^,'1.83 

in  which  X  j  Qo  ,  Y>  9^  known 

funotians  of  JJ  •  Unknown  quantities  to  bo  dotomainod,  and 
'IV'  t  assisned  to  bo  independent  on  tiiso*  Substituting 
{8*8)  into  (8*7)  and  separati  into  rea'i  and  imagiiiary-part 

+  Co<i  C9>,  '-9’J  =£> 

■x  Ik^  7  XY>,fi  I- 

The  differential  equations  were  transformed  into  difference 
aqt^tions  by  dividing  the  whole  depth  into  small  layer.  Then. 

'24/'  at  each  layer  can  be  dotarmined  by  solving  a  system 
af  linear  algabraio  aquation,  when  the  values  at  tho  bottosn  e.ra 
assumed  to  saro.  Tho  original  aquation  of  Fjoldstad  is  the  second 
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aquation  without  torms  eontainins  Wj  Y  ond  Q.o  • 

Bowdon  and  Falrbairn  (1952)  appllod  similar  method  deter¬ 
mining  bottom  stress  and  eddy  ▼isoosity  in  tidal  currents*  They 
started  from  the  x—  component  of  equations  (IT't)  without  inertia 

t*ra«  Xlk.  M  _  fv  =  +  U  fS  'O 


in  whifdi  is  the  stress*  Taking  the  average  of  this  equation 
with  depth  first  and  then  the  average  of  two  stations  locating 
at  X-0  and  3f=  they  obtained: 


Lau/stl  -  f  Cv]- -  f(h-  Wh]  C?  i^) 

in  which  the  bars  and  brackets  indicate  the  average  with  depth 
and  of  two  stations,  respeeiiLvely  and  suffixes  L,  O  ^  ^ 

and  represent  the  values  at  x*  »  X-0  ,  at  tho  bottom 

and  the  surface,  respectively. 

The  harmonic  cocaponents  u  ,  1/  a'*'  T 

are  substituted  in  equations  ^‘N)  and  which  yield  two  pairs 
of  equations  for  amplitudes  and  phases  of  those  compononts  by 
separating  coefficients  of  sine  and  cosine  function  of  time. 

The  amplitude  and  phase  of  the  bottom  stress  ^ro  doteraiinod 
from  the  pair  of  equations  obtained  from  using  ohssrvo'i' 

tides  and  currents  at  two  stations,  under  an  assumption  of 
vanishing  surface  stress.  The  stress  at  any  depth  was  cc:uputed 
from  the  pair  of  eqtmtions  resulting  from  by  ssitig  tho  bottom 

stress  thus  determined  In  addition  to  the  data  of  tides  and 
currants*  The  eddy  viscosity  ^  is  then  obtained  from  the 
relation t 


(8-15) 


The  values  of  ^  determined  from  the  data  in  tho  Irish  Sea  range 
10*  to  5  *  10»cia»/S. 
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lehiye  (1953fc»  1955a)  gonoralized  the  method  of  Bovon  and 
Fairbairn*  He  used  both  components  of  the  equations  of  motion 
C^l)  and  assumed  different  values  of  eddy  viscosity  in  X  and  ^  - 
directions*  Also  he  oonsidored  the  surface  stresses  t^hieh 
are  determined  the  v/ind  stress*  Tho  eddy  viscosity  obtained 
from  the  data  of  tidal  ourrents  at  seven  stations  in  the  Inland 
Sea  of  Japan  ransad  from  l  to  30  om^/s.  The  values  dotenuined 
from  semlodiurml  compononts  vero  larger  than  those  dotox'Kined 
from  diurnal  one  and  tho  former  shou'od  a  tendency  cf  decreasing 
tflth  depth*  AlsO)  he  assumed  that  the  friction  tors-is  of 
equation  (8'|)  are  proportional  either  to  linear  ^-olocity  or 
square  of  velocity  with  phase  lags*  Ms  deterESinod  tho  pi^o— 
portional  constants  as  well  as  tho  phase  lags  by  using  the 
samo  data  as  discussed  above.  Tho  constant  for  linear  propoi*- 
tionality  ranged  from  lo~^to  t  o~^  (soc"')  and  thOvSO  for  square 
proportionality  ranged  from  |o~^to 

Such  scattering  in  proportional  constants  dofcei'aiinod.  may 
be  not  only  due  to  inaccuracies  in  tidal  curi'onts  ineosured  by 
conventional  instruments  like  Ekmaii-typo  cu.rrcnt  •aotoi'j,  but  also 
are  duo  to  an  inadoquaty  '  of  dofi.nition  of  velocity  which  appears 
In  the  frictional  terms*  It  is  still  to  bo  studied  what  kind  of 
velocity  should  be  used  in  linear  or  Quadratic  relation  of  a 
frictional  force  in  time-varying  flov;s  like  tidal  curronts. 

Taylor  (1919)  used  tho  quadratic  lav/  of  friction  "y:?  IP}  similar 
to  (3.21)  in  order  to  compute  the  d.issiyation  cf  ths  tidal  anargys 
which  is  for  a  full  period  rf7  equal  to  dt  ==  -4 

where  U.  ==  U  cos  ^ 


70. 


•Jacobsen  (l9t7)  Introduced  a  natbod  of  dotornininc  rartioal 
oddy  dlffuslTity  using  two  auceosslTO  (in  tin*  or  In  ttio  dtroetion 
of  naan  currant)  T-S  curroa.  If  tha  depths  of  two  T-S  points 
whleh  ara  Intarsaetod  an  tba  prior  (in  tins)  or  tha  upstraan 
ourra  hy  a  tangent  to  Hia  Inter  or  dawnstraan  curro  ara 
daolgnatad  Z,  and  Za.  ,  <tie  addy  dlffusivity  can  be  conputad 

toy 

whara  is  tba  tina  Interval  batwaan  two  observations}  and 
is  tha  distance  toatwaan  two  stations  along  tha  direction  of 
tba  naan  currant  0*  .  Stockaan  (19^6)  erplainad  the  validity  of 
aquation  (8.  1 1")  froe  two  Fiokian  diffusion  equations  for 
tanparature  a  nd  salinity  and  proposed  a  modified  method. 

The  Reynold's  stresses  in  tba  ocean  was  for  the  first  tine 
■aasurad  directly  by  Bowden  and  Tairbairn  (1956) >  using  an 
eleotromagnetic  flow  meter  in  tba  Irish  Sea,  The  flow  meter 
can  mMSurc  two  components  of  velocity  between  two  pairs  of 
electrodes  which  are  mounted  in  a  magnetic  field  pioduced  by 
a  circular  coil.  One  of  the  advantages  of  this  instrument  is 
its  capability  to  measure  weak  vertical  current  simultaneously 
with  horisontal  current  with  a  lr>g  of  response  less  than  one 
smeond.  The  measuring  units  were  awunted  on  a  tripod  at  the 
heights  50  cm  to  175  om  from  the  bottum*  Averages  of  several 
runs  yield  the  Reynolds*  stress  U^kr'of  to.  l  dyne/cm  for  mean 

A 

bottom  current  U|^»toOoa/8ec  and  2,1  dyne/cm  for  V^='y2  cm/sec 

at  tha  height  75  cm  from  the  bottom.  At  the  height  of  150  oiB}  Idle 
Reynolds*  stress  if  equal  to  to.O  dyne/cm  for  50  cm/sec  and 
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is  squsl  to  1.4  dyno/ca  for  U  *5®  cw/soc  and  ia  equal  to  stress 

o  , 

Ic^y  idtieh  is  dstonsinad  fro«  the  rslstion 

u'  Iw 

.3 

is  equal  to  2.4  x  10  .  The  roufhness  parauoter  can  be 

(A  note  added  later.)  Sereral  vorkera  (Hosselbers,  Ertel )  on 
atawspherlc  turbulence  had  deterained  the  Auatausch  coefficient 
usln^  some  statistical  auera^  of  Che  fluctuations  of  moteorol- 
offieal  eloaents  long  before  the  statisticnl  theory  of  turbulence 
vas  derelopeds  Brtel ,  (1930)  asaoaad  that  a  particle  ooming  from 
a  level  2^^  to  has  the  property 
0  =  0o  “  ? 

where 0Q Is  the  aeon  value  at  0 

Let  ^f'Ul^be  the  distribution  foitction  for  vortical  velocity 
which  satisfied  ^  ,  The  average  transport 

of  0  through  a  horieontal  surface  is  given  by: 

Resselberg  (1929)  postulated  that  ^  f'VV')^  ft.  0^ 

is  the  period  of  the  fluctuations  of  0.  jliiplyxng  with 

the  square  of  (a)  and  the  equation  of  con:»ervation  of  0  , 

—TV'  and  integrating  with  ,  wa  have 

Bliainating  0  froa  rc  )  end  (6)  .  we  have 

Va  ^  <  Ce-a)>i  (ie/sz)'^  (e) 

where  the  tenss  of  th «  right  side  can  be  determined  from  the 
observation  Ertel  (1932)  general  ised  the  relation  il')  io  the  throe 
diSMnsional  case  end  derived  the  Auotausch  tensoic 
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<l«t«niln«d  from  bottom  strbosMi  uV'^and  moan  voloeity  V  at  aavoral 

loTols  uslns  tho  logarithmic  formula  of  the  moan  eurront.  Tho 

valuoa  of  thus  dotormlnod  aro  scattorod  from  0*02  to  0»68  nm 
o 

with  tho  iBOdian  of  0.21  $m»  Tho  authors  montionod  that  tho 
roason  of  such  soattoring  lios  in  tho  orrors  In  ostimatlon  of 
tho  moan  rolooity.,  Rowovort  thoro  is  a  possitUity  that  tho 
aising  longth  hypothosis  is  not  valid  in  such  a  flow  as  tidal 
currents  whioh  ohB;>c>  with  tlmo. 

]lan*niti  (1956)  moasurod  fluctuations  of  horieontal  voloeity 
at  a  shallow  water  of  10  motor  depth  using  his  photooloetrio 
eurront  motor.  Since  his  instrtaaont  could  rnoasuro  tho  currents 
only  at  one  depth,  he  tried  to  dotormino  autocorrelations  and 
then  to  ostlmato  the  turhulonoo  scale.  He  also  discussed  the 
validity  of  measurements  with  a  finite  dui'ation  using  0gura*8 
theory  (1952).  However,  his  instrument  does  not  seem  to  have 
enough  sensitivity  to  measure  rapid  and  small,  fluctuations  of 
velocity  occurring  in  turbulence  of  small  scale. 

Recently  Kolensnikov  end  others  (195B)  constructed  a  highly 
sophisticated  instrument  "turbulimeter ”  for  measuring;  sRrall 
scale  turbulence  in  the  ocean.  This  instruraont  can  record  tho 
moan  values  and  fluctuations  of  temporaturo  and  horisontal 
velocity  at  two  depths,  tho  distance  of  which  varies  from  0.5  to 
2  m,  and  the  fluctuations  of  vertical  velocity  at  the  top  depth. 

The  temperature  sensors  are  thermistors,  wiiich  can  measure  ten»> 
perature  flstuatlons  up  to  lo'***’C  with  a  time  lag  less  than  0.06  see. 
The  current  sensors  are  of  hot-wire  anenioitteter  type  and  can  measure 
the  Aietuations  up  to  0.1  nis/sec.  Salinity  is  aimultaneously 
measured  with  a  bathytemijeratiiira -sal  inograv''  This  typo  of  instru- 
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Mnts  Mr*  tM«d  in  tb«  Blank  and  Caspian  Saas,  at  ths  drlftiniP  lea 
statiens  of  the  Polar  Saa,  in  lake  Baikal  (Sporanskaya,  1959)  and 
aboard  tho  "Ob"  in  tho  Antarotle  Oeoan  (Pantalaor,  1959)* 

Kolonsnikor  (1959*  19^)  diseussod  tho  data  soparataly  for 
the  hoaoponooua  layers  and  for  tho  stably  strati-* 

fled  layers  (  As  an  oxasplo  for  the  neutrally 

stratified  oasOf  ha  diseussod  the  data  obtained  in  the  sub-ioa 
layer  at  the  Polar  floating  station*  In  fig:.  6  a  and  b,  are 
plotted  the  rerttoal  distributions  of  measured  values  of  'U  * 

<St<  -  1^]*  U"^  viscosity  ^  (-  and 

tangential  stress  ^  )  ,  respootivalye  Near 

the  lower  layer  of  the  floating  lea  the  anisotropy  of  turbulence 
is  seen  frea  tho  fact  that  €^4  '>  »  Further  he  used  the 

data  to  prove  Kolaogorov*s  hypothesis  on  structure  of  locally 
isotropio  turbulenee,  uhleh  will  be  discussed  in  tho  next 
ehaptero 

The  data  at  a  etatlon  in  the  Antarctic  Ocean  (st»  332)  and 
at  Lake  Baikal  are  shown  in  Fig*  7  8  examples  of  turbulenee 

in  the  stably  stratified  sea*  The  values  of  eddy  viscosity  ^ 
and  eddy  dlffusivity^are  calculated  from  the  formula 

f"'  -  iFuF'(»%z)''  ,  -  -  WtiP  fde/dzf'  (S-|6»'l>) 

These  quantities  show  similar  change  with  depth,  become  larger 
in  the  layer  of  maximum  horisontal  velocity,  but  are  almost 
inversely  proportional  to  Riohardaon  miuber.  The  ratio  ^/^l* 
larger  for  larger  values  of  Ri  r.nd  eometlmes  it  reaches  50* 

The  eddy  viscosity  was  detornined  by  two  different  formulas, 
using  the  data  presented  in  Fig*  7  »  One  is  Prandtl*s  formule 

?—  0  \  d  (4.  I  r  The  other  formula  is* 
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7  =  Og  ^  u'‘  +  ')^ 

vher«(7gis  a  eonst««i:  ^  Los*  to  orMo  In  fomula  was  tsroiad 

"turbulone*  seala"  by  Kolasnikov  instaad  of  mixing  langth.  This 
length  can  be  dtennined  by  three  formulas: 

i-.  iT  ^  fid)  di-  ;  J  =llF’-->-V^^‘{iu/</zT' 

(e^)^  f<» «/,*)■' 

In  whioh  |^fi)ls  the  a  tocorrelation  of  hon^-.ontal  vsloeityo 

The  values  of  ^  and  ^  determined  at  several  depths 

are  plotted  in  Flgc.  7  a  and  b,  respectively r  The  instruments) 

whioh  seem  to  be  quite;  useful  to  measure  oceanic  turbulence 

were  recently  developed  by  Klaus  (I960)  and  Geul  (1962) o  The 

former  oonstruoted  a  nisst  consisting  of  several  ten  motor  tubes 

of  noncorrodible  material  in  order  to  measure  temperature) 

eurrents  and  the  angle  of  the  mamt  up  to  the  water  200  m  deep^ 

Temperature  sensors  are  platinum  resistance  thormometers  and 

current  meters  are  of  pendulum  type  which  measures  t!io  deflected 

angle  of  an  Inverted  pendulum  for  speeds  Recording  units  are 

kept  in  an  iron  easa  anchoring  the  mast  and  aro  oporauod  by 

batteries  for  sevezal  dayst  This  syst>3«i  waa  original ly  devo loped 

for  measuring  internal,  waves.  Howevez  ,  i «  uighi  be  used  succoss- 

fully  for  measuring  turbulence  of  Intermediate  scale*  both  in 

vertical  and  hori&ontel  directions,  since  it.  can  bo  left  urwii«> 

tended  for  a  wlill*  thou^  sensitivity  of  the  current  motors  are 

not  good^  In  fact,  Klaus  and  Hagaard  (1962)  reported  the 

spectrum  of  temperatuies  and  currant  l'.«  rc  on:;  measurod  with 

this  systom  in  the  Sea.  although  the,  <  uufd  not  find 
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an  eridenco  of  spectruni  predlc1;ed  by  statistical  theory  of  tur- 
buelnoe,  but  obtain  discrete  speotsrum  of  internal  oscillations. 

Oaul  also  started  to  Measurs  continuously  te8Q>orature  and 
ourrsnts  at  sororal  depths  on  the  nwrthern  coast  of  the  Gulf  of 
Nexieo  using  buoys  and  teleneterlnc  system.  He  used  the  thermistors 
for  temperature  sensors  and  the  Servonlus  rotor  current  meters. 

Thsee  instrtjments  are  hi^ly  sensitive  and  tfao  whole  system  can 
be  left  unattended  almost  for  a  month.  It  is  expoctod  that  the 
system  vlll  provide  the  data  of  whole  ranges  of  turbulence  from 
small  to  medium  scales. 


01  2  «  (cm/soc) 

I  • 


Fig.  6,  Vertical  distributions  of  velocity  and  velocity 
fluctuations  (a)  and  eddy  viscosity^  and  shearing  stress 
^  (b) .  (Kolesn Ikovy  19^0)  (  Curve  It  L((xi)  ,Ilt 

III:  —  ( 'TaJ'  ^  W  flC.}.  Moasuromonts  at  the  Polar 

drifting  station  "North  Pole-i^'’.) 
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7*  vertical  distribu  1:1003  of  various  oleroents  related 
to  turbulenco,t>asncl  on  roeasurmnont  in  tho  Antarctic  Ocean 
station.  (Kolesnikov, i960)  (a) -  - _ _ X~  ^ 

(b)  Curve  1  ,ii  ^  ^ 

(c)  Curve  I  ,  II  ^  (e'^0^  /(<(^/^^)  . 

(d)  Curve  I  =  dgJp  [  (IpF  +  ?<7o3^ 

III  ?M'  - 
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lie*  C.  vertical  distribution*  of  various  alomant*  rolatod 
to  turbulauoa.basod  on  tbo  uausttraBiont*  In  Lako  Dalkal. 

I Kalasnlkov , I960 ) 


(1952,  1956)  and  Prltcl^.,«iM  Kant  (1956)  dl». 
•xtMisivaly  th«  aathod  of  d«t«riiif4fii|^Jt«3mold9  atrasa  in 
a  aaaatal  plain  astuary,  u«inp  aaaracad'‘ffy«aa  af  ▼alaaitlaai 
pvaaaaraa  and  sallnitias,  Tho  aquations  of  aotian  artraffti  with 
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turbulence  <  S''U.‘  ',>  -  ■  ovi  ..-‘nod  iduo 
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<77  (  •^  A'  /-  '•  •'•  &  ■:'  -03  «.  ."• 

K  (3'^/,)^  ^  •  !  X  — O  ^ 

observation^  iudr  ato  ch«t  neglected  teisis  are  ssaillar 

•'*;.  ht  laast  by  two  SK^gni  tudea..  ... 

^  ;.•  ;yv.  «.-  ••• 

^  :'llbPdlMr  Pritchard  dirldad  tha  awanma  curranta  into  two 


«  ICt  t  tha  .■■Ml  aalaaitgr  awar  a«a  or  aora  tidal  oirelaa 

»• 

and  TXi  f  tidal  awstribdtian*  Iba  aquation  of  aotion  in 


ilatoaal)  diraetion  owamgdd  owar  ono  or  noro  tidal  e/cloo 

>*i  “i/8xi  -  <®*5' 

f»-iO 


in  wblota  <  •••n*  mrwgtnit  ■»  »p*clfl«4.  Th« 

dlrnetloN  wn#  •©  oboacn  thnt  U^,  "Ua^O  Tbu»f 

/  3  w',  Ki  \ 

HoWt  froKi  sMauraMota  at  aaaMi  aatnairaa*  v  • — f^xT^'T  ^  ^xa,^ 

aaMato  ba  rary  Mil.  M  atMtid^t  arittan 

fi  -  <f'U.\ 

**•  *  »  uains 

Thua.  Raynalda  «traaa  <ll*Wi:^can  bo  d.tairninad.  al.surabl. 

quantltiaa  U,  and 

Bewaaar,  Stawart  <IW»  paintad  out  that  such  procadura  Mitfbt 
laad  to  qulta  arranaaua  Bajrtialda  atrasJo  Although 
itn  inartla  tata», 

nacllffiblao  In  tba  aotual  oaaa  traatad  by  Pritchard  (1956), 


tha  pradanlnant  part  of  inartia  tarpa  ara: 

■»Y‘  -V  _  -1^ 

vliara  ia  tba  radiua  of  aarvatura  of  tha  flow.  Thasa  tarwa 
ara  of  tha  sa«a  ardor  of  aagnituda  aa  tba  Curiolis’  tarn  5  U|  ^ 
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9*  Sp«etrAl  Analysis  of  Oesanlc  Turbulonce 

Sine#  tha  turbulanoa  la  atatistioal  phanoaanon,  it  is  no 
wandar  that  soma  workara  on  turbilanoa  hava  usad  tha  approaehaa 
which  ara  mora  or  lass  partinant  to  statistical  maohanics.  Tha 
plonaara  of  turbulanoa  theory  thus  aaaumad  tha  analogy^  with  a 
elaaaioal  atatistioal  naohanioa  of  gas  molooulas,  as  dasoribad 
before.  However,  Taylor  (1935)  for  tha  first  tiiaa  treated 
turbulanoa  statistically  with  a  clear  underr, tending  of  tha 
fact  that  turbulent  valoeity  of  tha  fluid  is  a  random  contin-* 
uoua  function  of  position  and  tima,  in  contrast  to  older 
thaorlas  based  on  analogies  with  tha  discontinuous  collisions 
among  the  discrete  entities. 

Tha  aasantial  part  of  statistical  theory  of  turbulanoa  is 
an  Introduction  of  tha  covariance  betwaon  the  velocity  codw- 
ponants  at  two  separated  points  and  an  application  of  a  theory 
of  Fourier  integral  to  derivation  of  spectral  density  frocn  the 
oovarlanos.  Tha  oovarianca  or  velocity  corrolation  is  defined 
byi  _ 

R, ;  (?;«)=  u, ( ? >  (tTfy  c^-o 

d 


where  U.^(^jis  an  instantaneous  value  of  the  ^  components  of 
tha  valoeity  fluetuatlon  at  tha  point  x.  'fee  average  is  taken 
over  all  reAixation  of  the  flow  field  or,  in  case  of  stationary 
flow,  over  the  large  tine  interval,.  Incompressibility  and 
interebangiability  of  and  Kj  impose  restrictions  on  the  form 
of  Rii  such  as* 

)=  R,,  -A> 


R.a 
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(R-2) 

(r3) 


Vh«n  th»  turlMtlmce  is  hoMoc^nsous,  correlation  function  is  in» 
dopondont  on  ooerdlnatos  3?  •  Furthor,  wtien  tho  turbulonno 

la  bt>oth  hoatogonooua  and  isotropio,  morm  linitatlons  of  tho  fom 
of  dorlTod.  For  tnotaneo^  f^(d)or  tho  moan  square 

▼alttos  of  throe  Toloeltjr  oompononts  are  equal  to  each  other* 
AlsOf  in  tho  hqpogenoous  and  isotropic  turbulence,  tho  eorro* 
lation  function  roprosontod  by  correlation  tensors 

such  ast 


In  whioh  (^2  is  the  mean  square  value  of  ■  'olocity  and  is  the 

Krenocker  delta*  The  funeti<ms  ^(rC)  and  ^  (ti)  are  defined  as 
lonffitudinal  and  transverse  correlation  coefficient,  respectively* 
In  ether  vords,  if  and  Uy^  are  velocity  components  parallel 

to  the  vector  Joining  t*ro  points  P  and  at  vhioh  the 
velooities  are  oonsidered,  ffn.)  is  defined  bys 

U;i  Wa'  ^ 


The  function  defined  bys 


= 


/<?■  o 


Wt  Ut' 

in  whloh  t(|.and  (^t  velocity  components  at  P  and  P~  perpendl» 
eular  to  . 

The  idea  of  spectral  analysis  which  has  long  been  used  in 
electroma^etic  theory  of  heat  and  lie’ht  was  introduced  by  Taylor 

(1935)  into  the  study  of  turbulence .  The  idea  is  particularly 
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potrerful  for  study Ing  theory  of  Isotropic  turbulence-.  The  efforts 
In  the  recent  deoades  are  directed  to  derive  from  the  Navlei'~ 


Stokes  equations  the  functional  form  of  the  spectral  density  of 
turbulence c  The  most  {^neral  form  of  the  spectrum  function  Is 
defined  by  uslnc  the  three^diaMneional  Fourier  transform  of 
su4tti  ast 

^  ^  -CO 

wh«rs{jy{^)ia  the  element  of  troliaae  about  . 

The  integrated  spectrum  function  is  defined  byt 

^^3  r  f* 

ehere  the  integration  is  orer  the  spherical  aurface  of  radiu<; 

Owing  to  inoompressihELity,  there  ia  a  reMion  such  as 

4, 


A  theoretical  approach  to  the  spectral  theory  of  turbulence 
is  to  derive  the  speccral  function  from  the  transformation  of 
NavieroStokes  equation^  The  triple  correlation  function  which 
is  produced  by  the  nonlinear  terms  of  Navi er -Stokes  equations 
can  not  be  related  deductively  to  the  energy  spectral  functi on  and 
this  approach  is  ico  ''pr  only  partly  successful  under  restricted 
conditions  of  stationery,  homogeneous  and  isotropic  turbulence 
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for  a  eertain  rang#  of  sealas.  Tho  antpirleal  approach  Is  wldoly 
usad  In  describing  k.<  .  suramant  of  wind  turbulenco,  partl» 

oularly  by  usa  of  hot.  wire  taohniquas,  which  give  directly  the 
data  on  correlation  functions.  The  correlation  functions  are 
transfornad  into  spectral  functions  by  tho  Fourier  inverse  inte¬ 
gral  of  (9‘7)o  Many  aarodynsniclsts  have  concentrated  their  efforts 
to  applying  hot  wire  techniques  to  the  study  of  the  turbulent 
structure  of  varic  '  'low  fields  and  qui  :-  number  of  separate 
pieces  of  informaticn  on  this  subject  boon  accumulated,. 

However*  the  statisioal  qiproaoh  to  the  turoulonce  are  not  fully 
exploited  in  the  field  of  oceanography y  owing  to  complications 
arising  from  anisotropy  and  Inhomogeneity  of  ocean  flw/  in  the 
theoretical  approach  and  dlffieuitias  in  measuring  fluctuations 
of  the  flow  in  the  aoa  in  tho  enplrical  approach. 

Works  by  Bowden  (1962),  Kolesnikov  1 3.960)  and  Grant  et  al(l96l) 
are  tbe  first  step  toward  filling  the  gap  between  tho  development 
in  research  on  turbulence  in  wind  tunnels  and  slow  progress  in 
research  on  oceanic  turbulonoo,  Bowden  (1962)  obtained  the 
spectra  of  fluotuatioris  of  u,  v  and  w,  whxch  represont  cho 
ponent  in  the  direction  of  and  poip»ondicitlar  to  the  mean  bori- 
sontal  velocity  and  vortical  current,  raspocfcivoly ^  His  procedure 
is  essentially  similar  to  the  one  used  by  aorodynamicists  in 
wind-tunnel  experiments,  escept  instramoncs  He  meesuzod 

velocity  correlations  with  the  olectrofl  nsoter  and  dorj^ved  the 


spectral  function  U3.lng  the  following  relation* 


I—  r  -v,  >  /(  r^.'/  \  Jn  -S-f  LP. 

h  (  T^)  =  ^  jA^  ^  ‘'U  zr 
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in  which  the  correlations  dctormlnsd  under  the  assumption 
that  the  velocity  (‘‘Ctuatlons  are  carrloO  by  the  mean 

flow  unchanged^  as  postulated  by  Taylor  (1935) « 

The  results  of  Bowden's  neasurements  are  different  from 
those  obtained  in  both  wind  tunnels  and  from  the  theory  of  iso¬ 
tropic  turbulence:  First,  the  mean  square  velocities  U^-)  1/^and  w*' 
are  not  equal  to  each  other*  The  averaged  ratios 

are  equal  to  0*51  0o76»  respectively  Correlation  functions  ^//i) 

and  <***‘^''*®<*  fro.,-'  iU'  and  tyW''  respect  j  v® ly t 

the  relations 

qci'i  =  {<’^'>+-^^4^  t'l-ii) 

which  can  bo  derived  from  equation  of  continuity  under  the 
assumption  of  isoti’ op/ city  „  Also,  one  dimonsi  onal  sjo  ctra  of 
three  components  of  .'©loclty  u,  v  and  w  aro  different  from  those 
expected  from  the  tijoory  of  isotropic  turbulencoi,  This  is 
expeotaa  because  the  measuremants  of  turbulent  velocltios  wore 
done  close  to  the  boitora  at  the  heights  of  50,  75,  125,  and 
150  cm  rrotn  the  boi. t-cn)  whore  the  assumption  of  isotropicity  is 
not  valid. 


Fiff,-  shows  *113  spectra  of  three  coupononfcs  u.  'J,  and  '.i 
and  tho  spectra  of  >1  iv'  at  four  heights  f i  oni  tho  bottom..  For  a 
range  of  wave  numbfci  0^02  to  0..2  the  spectra  of  U  u>'  reach 

more  than  one  third  v-'  tfaosa  of  u  or  w  and  this  is  anothar 
indication  of  aniSv-i  opy  of  turbulence  Tna  U  1^''  spectr.’  shott 
very  little  contr it-? .h  ons  from  the  flue tuai ions  with  va.v&  number 
high®!'  than  0  6/a.^  '  .'.is  limiting  wBvO  is^'bpr  Ihy 


turbuienc*  .1%  3Sot<  Oy'-c  was  t;3a  .sam 


bv  Pi  loo. 


1.959; 
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in  his  analysis  of  th«  atnospborie  boundary  layar  obtainod  by 
Panofsky  (1953)  «nd  othars, 

Follovlne  Kolmogorov  (194l),  R'-iSSian  vorkars  on  u  bulanea 
bava  of ton  used  structure  functions  defined  bys 

(^)  -  I'U,  -U,'  Ui) 

instead  of  oorrelatlon  funotlons  (Tatarskl,  I960,  chapter  2). 

Here  i,k  *  1,  2,  3s  the  lit  are  the  ooaiponents  with  respect 

to  the  X,  y,  a  axes  of  the  velocity  vector  at  the  point  P  f-  /?  /  } 

and  the  K '  are  the  components  of  the  vA  c  -  Ity  at  the  point  , 

P'V=  r,+  7i'). 


From  the  assutsptlon  of  local  isotropy  of  volooity,  ('/T)  has 
the  form 

Where  the  Kronecker*8  delta  and  tho  >1.^  are  the  components 

of  tbe  unit  vector  along  „  Suffixes  /I  and  /i  in  the 

definitions  4tn('n)=  CU/i  “  ~  O-^t” 

represent  the  projection  of  the  velocity  along  th©  direction 
of  /I  and  along  some  direotlon  perp  *:ndicular  to  yi  ^  i-aspectively . 
The  condition  that<liU'^=Oylelds  tho  relation? 

^  4i  C^'l5) 

/ 

If  we  consider  that  a  velocity  fluetiiaticn  U- ^  occurs  in 
a  region  of  scale  ^  ,  characteristic  time  required  for  the 

growth  of  such  fluduation  becomes  ^  /  U  ,  The  energy  transfer 
from  the  mean  flow  to  the  fluctuation  per  unit  time  is  equal  to 
(Kq  1$^  =(U^'')^  ^  The  process  of  energy  transfer 

In  the  fluid  is  as  follows t 
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First,  fch*  tnvan  flow  ■  i  th  eharaetar  Asti  o  woiot.ity  XJ  «nd  seal#  L 
bacomes  unstable  «#r  -r-  ts  Reynolds  numbor  '  ,  eveaeda  a 

critical  value  and  transfers  its  ener^  >.o  ibe  fluctuation  for 
eddies)  created  by  this  instability-.  The  fluctuation  itself 
becomes  again  unstable  wtien  the  Reynolds  number  (  U  J 

exceeds  s  critical  value  and  transfers  its  energy  to  the  second 
order  fluctuation.  This  transfer  process  goes  dowvi  to  the 
smallesl  disturban?  'ith  a  scale  and  chc-ractori stic  velocity 
Up  and  is  finaJly  i  <  averted  into  heat  by  molecular  viscosity „ 

The  rate  of  such  dii'^^J^ation  £  Is  of  ordoi  Wp*"  / 

On  the  other  hand,  tho  rate  of  supply  of  energy  from  the  flc  "tuatlon 

larger  by  one  order  to  this  smallest  one  is 

Thus,  from  these  tvo  formulas  for  £  ,  wo  can  obtain 

J-et  jX,  in  equation  v'?;ljbe  much  larger  than  Xv  and  much  smaller 
than  ,  ( the  seals  of  the  largest,  aniaotropic  eddios).,  Then 

th®  velocity  dl  f  feau. -•  at.  th«  two  points  t  .1  r.:ainly  duo  to  eddies 
ivl  th  di.niouaioi'!!^  comp*.!  >.ibi0  to /i'  The  onij  pai'answ  cor  which 
char aci'ovtxeti  such  f'iSo  103  is  £  and  /I  Thus,  n  ^ 

is  a  fuMClloM  of  /?  >.ivi  £  00 1 5? 

Fi om  dlmonslon  grounds- 

D.,,  (a)  ^  C  (./,<<-■!  <.cL)  (t.  !7) 

where  C  is  a  dlmens-' onl  ess  contanl  of  abo<?i  From  toe 

relatios:// lS}j,  the  quHO^ity  ^  ( 'T  j  i  »  & v«n  hi 

DiK  >  -  f  c  (£  ft)  ri^^.L)  (V  1^) 
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Koleanikor  {X960)  us«d  th«  data  obtained  at  the  Antarctic 
Ocean  (Fi^rd  )  to  provo  tha  relation^?. /7)  He  detarniined 
from  tho  measurcMoent  of  horlaontai  velocity  at  one  depth  under 
an  assumption  that  -'2.  “  H  ^  t  where  U.  is  the  mearr  ourrento 
ThePfin^nt)  is  plotted  against  fl_  for  different  ralues  of  mean 
velocity  in  Figo 

The  range  of  scale  of  turbulence  In  which  the  rate  of 
energy  transfer  froa  .^^'dies  of  larger  scale  to  eddies  of  smaller 
scale  is  oonstant  is  called  inertia  subrange,  Kolmogorov* s  hypo<- 
thesis  consiats  of  thjcee  parts s  the  first  part  is  that  the 
local  oharaeterlstics  of  turbulence  in  tho  jertial  subrange  are 
isotropic  at  large  Reynolds  numbers,  the  second  is  that  the 
energy  supplied  from  a  range  of  larger  turbulence  to  tho 
Inertial  subrange  is  completely  transfered  to  a  range  of  smnller 
turbulence  with  a  oonscant  rate,  an<i  the  third  that  the 
energy  thus  transferred  to  tho  range  of  srasllor  turbulence 
(dissipation  range)  is  mainly  dissipated  by  viscous  forces  into 
heet^ 

In  tho  inertial  sttbrange,  tbs  offcict  of  '/Ascosrty  can  b« 
neglected..  Therefore,  on  tho  dimansicnaX  giounds  tho  ono' di men* 
sional  spactral  denoity  as  given  by* 

E  =  Cs  -fe'? 


in  which  -j^  is  th®  wave  number  and  Cg.  is  a;si  vursai  nonstanl 
The  function  a  l  so  can  be  axpresoiid  by - 

'E'(k)  -  I  5 


.n  which  is  a  ‘angeh  iscch  Jaip.ir  i.i 
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(■■j.jo) 

This  foi'tvi  ran 


“---'•Ui  U  from  6  u,xtf  records 

at  75  cn  from  the 
bottom. 

Fie*  9.  Spectra  of  u  y,  and  (a)  and  uw(b)  in  the  tidal 


n  (  c-vm) 


Fie.  iO*  The  struc¬ 
ture  functions  at 
four  depths  from  the 
surface , based  on  mea- 
surenonts  in  the  Polar 
sea. (Kolesnikov, i960) 

1.  2  m  .[(ir)i]tl.9  cm/sec 
. fcm/sec 
3-  2.5  . Ccra/sGC 

.  1.5  , hem/ sec 
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b*  us«d  to  compute  if  turbulent  velocity  component  U  is 
measured^ 

In  the  range  of  vave  numbers  Including  both  inertia  subrange 
and  dissipation  range,  the  function  Is  given  byt 

Erie)  =  £  (■‘>■21) 

In  which  =:  (f  £  and  )  is  an  uni» 

versal  funotionc  On  the  basis  of  Heisenberg*’8  assiunption,  Reid 
(i960)  derived  analytically  the  form  of  p'  <  -k.  /  A  )  » 

F(-k/'(i^)=  Cp  rt/4s)-^ 

F  (  k (f^Z-ks)  ^  f»v  'fi>^^-fcs 

(9.22.) 

in  whloh  Is  a  numerical  constants 

The  energy  dlsslpetlon  rate  ^  is  given  byt 

e  ^  15  f ^ 

'-'0 

which  can  be  determined  if  is  obtained  from  moesure- 

meats o 

Grant,  Stewart  and  Moillet  {I962)  constriiuted  a  hot^film 
current  meter  in  order  to  detenoino  the  spQcvtrc.l  density  of 
ooeenio  turbulence  and  to  test  the  Kolraogo^’ov's  hypothesis The 
ovrrent  meter  which  was  mounted  to  a  towed  body  has  a  frequency 
response  frcm  DuC.  to  ?00  CoP..S„  with  a  noise  level  of  10  cm^seo 
in  the  frequency  band  1  to  700  CeP„S„ 

The  measurements  were  done  in  Dlsoovory  Passage  near 
Vancouver  at  the  tidal  currents  of  Riasimun  speed  of  aboLrl;  three 
knots  o  They  determined  the  energy  speotrixu  £(-4)  and 
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dissipation  spsetrtas^£(lDfrosi  tbs  asssurosonts  at  soao  15  astors 
dssp  is  s  ration  of  rofr  iatoaso  turlMilanco,  but  rary  saall  sur- 
faoa  asTOSo  Wmm  tiM  spoatiaaif  piottad  acainst  tha  uaaa. 
naabar  tbs  anarty  spaetroa  is  wall  saparatad  froa  ibo  dissipation 
spaetraa  in  tha  aara  nuabar  raUfOt  tbus  tbs  axistanco  of  iba 
inartia  snbranfo  aas  confivaad*  Iha  anarty  dissipation  rata  S 
aas  dataminad  from  aquation  Xt  was  found  that  tba  anargy 

spaotruB  far  17  saaplas  abtainad  froa  rms  of  b  to  20  ninutas 
satisfy  tba  law  of  wban  tbay  ara  piottad  acainst 

an  a  loc-^lac  grmph,  Alsot  tha  Yalnas  of  constant  Qr  for  a  ranga 
of  £  of  to  1  sbowad  tha  avaraca  of  0.b2b  with  a  slifbt 
saattarittCo 

In  Fig.  11  tba  nonaallsad  spactrun  log  P(‘k/h^  avaragad  from 
17  saaplas  is  piottad  against  log(ijl{/'j^  o  Tha  ourra  indieatas 
that  tha  inartial  subrange  exists  far  a  range  of 
lo"*  dawn  to  10”^« 

In  tha  prasanca  of  waras  with  a  low  background  turbulancs» 
tha  aaasuraaants  ware  taken  to  datamina  tha  anargy  dissipation 

dua  to  waras*  Tha  anargy  spactrua  ^4i)  sbowad  soaa  disturbances 
^  -3  -2  -I  0 


figa  llo  Tba  nomaliaad 
spactrua  function 
in  a  tidal  straasu 
(Stewart  and  Orantf  19^2) 


due  to  the  waves 9  However,  the  maximum  dissipation  ^  ■me^f 
could  be  determined  by  fitting  the  averaged  nonaalizod  spectrum 

t 

curve  of  Vlgoll  to  each  of  such  spectrum,  at  a  few  depths  down 
to  15  n  and  for  wave  heigfits  of  Ool  to  0a9  meters e  It  is 
noticeable  that  values  of  ^  increase  with  wave  heights,  but  , 
only  slightly  decrease  with  depth  near  tho  surfaoeo 

The  energy  Input  from  the  wind  into  the  waves  per  unit 
surface  was  estitsat;;:.*  from  the  relations 
E  ~  C  d  ^  C 

where  Is  the  density  of  air,  C«(  is  the  drag  coefficient, 
is  the  wind  speed  and  c  Is  the  stean  phase  speed  of  the  waves « 

For  W  *'7  m/s  C  =f  3  cm/sec,  wo  can  obtain  Buf-  100,  ergs 

a»2  —1 

cm  see  ,  using  probable  values  of  constants^.  On  tho  other 

hand,  the  energy  dissipation  obtained  by  Integrating  0  determined 

from  measurements  below  the  depth  of  1  m  from  the  surface  is 

—2 

equal  to  3  ergS  om  sso  ,  which  is  a  full  ordei*  of  magnitude 
less  than  energy  input  estimated  &.hove„  This  dlfforcnce  leads 
to  a  conjecture  that  dissipation  by  waves  is  concentrated  vory 
close  to  the  surface,  ossontially  above  tho  trough  line.  The  - 
mechanism  of  dissipation  can  be  oonsidorod  mainly  due  to  breaking 
of  waves o 

The  mechanism  of  energy  dissipation  by  wave  breaking  was 
dismissed  in  Chapter  60  The  measurements  of  Grant  and  Stewart 
(1962)  for  tho  first  time  gave  a  solid  basis  for  such  analysis ^ 
thou^  the  data  are  still  scanty  and  by  no  moans  complete. 
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/O  Horiy.ontal  ir  s-.at  :  wfu  <  ao 

( 1 92  1  >  :  a :  r  ocl»»<- *11  vUii  iCi'On  «•.-  ’  t  <i. onitji!  af 

mon*ntii»n  1  a  clyrt-inrci  ■  •  .f”  gofnaral  <!*  i  oi  a  «  , 

Ha  cont<  id  rir  »Kl  tha*.  fcVu  2onal  lurront  of  th-  a  cit5.:>spb<^«  >5  i  v 

tainari  chTAi.if;h  vb>»  teiitudinal  raomaov.irvi  c  t  ha  -.ijy  awa  vo  travailing 

cyclonas  and  antlcyt^'*  o'las  .,  H*.  ieg*rd«tn1  thas&  di  *  i-.jr  bixtici-s  ot 

synoptir  i.raJo  a-s  turbulant  «loinani5  itipa'  >mp  ised  A.r  .'.he  maan 
Ronal  CiAtar.ts,  F  inpai.ing  a  sciutior  i,!*  s  ta  c  i  unary  * 
linaar  eq^ratton  of  -  Oirtinn  rranaf  -ic  aarvh  nii'h  tha 

obaarvwd  d  i  ss  t  jr  i  bvt  v  if  or;  of  the  •r.ornuf  curt  •so-r  of  iho  h  oiao  dipnoi  a, 

ha  d©v«nnined  th*  odUi  wsccfsliy  a-.  JO” 

Thu  .rdsti  was  ■! ,  ‘alop^d  by  6i&-<<vii?i{  hvftar.f 

applffld  ihfj  lalxine  ■  gth  to  'l.,  <'■  ■  •i'-d  f  >  r  ;»«i  uOf  otjt  t:al 

waathar  chav'ta ...  H--  .'  un  Ura  w;  '.(nj.*?!  anri  ho,,  i  aonta! 
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He  further  eonsiditred  that  th.^  absolute  vortlcity  is  con- 
serred  by  such  mlS  '  i;:  in  the  higher  So  >  „  Then^  the 

absolute  vorticlty  becomes  uniform  over  the  high  latitudes  and 
we  haves 

This  constant  can  be  determined  by  the  condition  at  the  pole, 
where  tha  absolute  vortieity  is  equal  to  2  SI  .  Therefore, 

we  haves 

UCR-Ti)"*  -  (  !- ■SI 4>)( /t*s.  40 (/0'4-) 

These  two  equations  generally  agree  with  the  observed  distri*^ 
bution  of  the  zonal  wind  when  the  boundai'y  of  theso  two  domains 
is  taken  at  ^5**  K, 

Stomnol  (19^8)  was  the  first  to  bo  ahi.o  to  oapJain  the 
peculiar  feature  of  ocsanie  circsiLatian  sriiich  'aat.5  n  strong 
and  narrow  currant  along  the  westorn  coast..  Ho  troa-cod  analy¬ 
tically  a  model  of  wind-driven  ocoanic  circjulaiion  in  a  roctan* 
gular  ocean,  considering  variation  of  Cor?.olis*  paransetar'  wa  th 
latitude  and  frictional  force  proportlonn'i  to  the  mean  .olocityo 

Munk  (1950),  Hidaka  (1950)  and  It-hiyQ  ( I950d)  xndopondontly 
introduced  the  eddy  v .» .scosi ty  terins  to  fchif?  as  f*  )  ctS.onal 

forces Hunk  estimated  the  value  of  eddy  i,-xstosjty  eqaal  to 
5  s  10^  cm  /secv  ,  by  making  the  width  of  tha  wostoi  n  c.u»  ront 
as  200  km^  This  width  becomes  equal  to  7l  ,  where 

is  the  oddy  viscosity  and  ^  is  fcho  laes  of  vai'iaLion  of 
Coriolis  parameter  with  latitude^  Ichiyo  discusaod  the  relative 
importanoe  of  inertia  terms.  P-term  and  !iot?.k ontai  mixing  tonas 


for  sinusoidal  wind  Hw  ».onclud«jiCJ  that  inartlA  tarms 

are  nagli^lbia  for  lh«»  half  wave  Jsngth  » c  na  «>ast»v«»t  dir> 

•otlon  of  wind  straps  systen  Innicar  than  tan  and  th# 

B-tarm  is  na|tli|;ibla  for  the  seals  (balf  wave  length}  of  the  wind 

systSM  less  than  200  tan  for  the  eddy  vlsoojsity  of  about  5  10 

2, 

om  /see. 

<ldaica  and  lids  (1957)  treated  the  effects  of  Coriolis*^ 

force  and  of  dlmenriif.:  of  the  ocean  on  the  rceanlc  ciroulation.^ 

They  found  that  the  >i&stward  Intens)  flcal  f  o*)  he^.onos  peroepcible 

only  when  the  dimensionless  parameter  |S  L|  /f\  ox®oad8  200, 

where  Ls  is  the  dimension  of  the  ooeano 

The  large  values  of  horisontal  eddy  viscosity  oatiiuated  from 

the  viscous  boundarv  inodel  of  wind -driven  .;.o<3anic  circulation 

aroused  suspicion  of  '-ome  workere^,  They  .^  -iconded  that  eddy 
8  2 

viscosity  of  10  cm  /sac.  eorresponds  to  chj  eddies  of  sicaies  of 
the  width  of  the  western  bou»>dary  curronr  Cnai  noy  (i935) 

Morgen  (1956)  treated  a  model  of  inertia  boundary  layer  for  iba 
western  boundary  current,  completely  uagloi  ting  the  frictiosml 
forces  and  obtained  tha  resui  which  l  ept^^ani  main  f'eaturoti 
of  the  observed  rir«uJatJonc  Ogawa  {I960J  discussed  a  model 
including  both  'rtciionaJ  and  inetviaJ  bouadsiy  effects  and 
applied  the  boundary  layer  techniques  of  tu«  viscous  ftot*  along 
the  solid  plate  However^  the  problem  oi  che  lelative  vraportanoy 
of  the  fikiotlonal  or  the  inertia  boundai^y  to  the  urvivern 
boundary  to  current  is  still  to  be  s loved 

Rossby  (1936)  dis<-,9<i*d  the  iatoral  cireiiioa  xn  tho  ocean 
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oau««<]  bjr  horizontal  oddlos  with  sealos  botwoon  synoptic  metsoro^ 
logical  dlBturboneos  and  th«  addlos  contributing  vartlcal  mixings- 
Main  foaturaa  of*  his  discussion  consist  of  two  parts  t  ths  affaot 
of  Coirlolls*  fores  on  ths  lateral  stresses  and  the  role  of  such 
stresses  In  the  dynanlos  of  the  strong  ocean  currents  like  the 
Gulf  Stream.  In  the  first  part,  he  applied  Prandtl*s  monentum 
transfer  theory  and  Taylor*s  rortloity  transfer  theory  (Goldstein, 
1938)  to  deriving  the  lateral  stress  in  a  rotating  system* 

According  to  these  theories,  the  lateral  stress  of  a  oireu- 
lar  flow  rotating  around  a  vertical  axis  is  given  by 

•Tr  -’Trip'  -  t  i/)^  (/os) 

in  which  y~  is  tangential  volocity  at  distance  fl_  from  the  axis 
and  negative  or  positive  sign  corresponds  x.o  m£^entu;a  or  vorticlty 
transfer  theory,  respcotively*  For  the  flow  over  iho  earth,  the 
absolute  tangential  velocity  Y"  given  by s 

IT-  ■■Y 

In  which  1  is  the  Coriolis*  parameter.  Substituting  the 

equations  (fo*^)^we  have 

'7''=:  ('^Pdn  t  l/ln  (.l^'7o) 

and 

r  ^  (^Vhn.  'V-h  y  (Ij-7h) 

for  the  momentum  and  vortioity  transfex*  ths  ory ,  respocti  rely  t, 
Rossby  concluded  tiiat  the  momentum  tranftf'dr  theory  ia  inadequate 
from  two  reasons,  Ficitt,  the  lateral  stress,  according  to  this 
theory,  does  not  vanir.h  oven  for  the  straight  uniform  current , 
for  vhlch  9  ZA  /d  ,T  "Tr /,7  ~  O  Second,  the  local 

pressure  giadient  by  a  movement  of  column  of  water 
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offa«t«  Coriolis*  foroo  wh«n  tho  oelumn  is  doop  onou^h  to  nalo 
th«  dlvorgoncy  n«gll|plbl«  and  thus  tha  horizontal  turbulance  oausad 
by  random  moremsnts  of  sueh  eolunns  Is  not  affoctod  by  th«  rota* 


tion  of  tha  aarth^ 

Rowavar,  tha  quastion  about  off acts  of  Coriolis*  force  on 
larga  ooala  horiaontal  turbulanca  is  still  to  bo  solved^  In 
fact,  lohiya  {l953Cj 1955  Q) found  that  irregular  moanderings  and 
addlas  along  tha  Kuroshio  ware  oftan  caused  'lyy  passing  fronts 
and  cyclones  and  tha  taoranant  of  suoh  disturbances  is  not  gao<*- 
strophio  and  is  confined  to  tha  uppar  Ekmaa  layer ^  Ichiye  (19^9}» 
also  traatad  as  a  stochastic  procass  tha  diffusion  of  water 
masses  in  a  field  of  Coriolis*  force  under  random  forces,  neglecting 
tha  pressure  gradlantso  Ra  bbtainad  the  formulas  for  eddy  diffu* 
sirit.las  of  X  and  y  direction  t 

= 


X  f  ^  jyffSa  1- 


(  lO'S’cO 


(  I  0  •  F  b) 


raspaotlvely «  In  these  formulas, 

the  auto^correlatlon  of  x  -  and  y  -  components  of  random  forces 
and  tMr  cros$>correlation,  respectively  and  is  frictional 
constants  These  relations  indicate  that  the  eddy  dif fusivities 
are  independent  on  the  Coriolis*  paranietor  only  if  the  disturbing 
forces  are  isotropic  ^,^*)and  thero  is  no  corj-ulation  between 

x  -  and  y  -  components  (  —  o  ^ 

The  other  part  of  Rossby's  theory  x.lSf  ^6)  dyimtaics  of  tha 
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Gulf  StrMn  as  a  ttro-'dimansional  turbulant  which  was  diaoussad 

by  Tollmlan  (1926) ^  Rossby  consldarad  that  th«  pressure  gradients 
In  the  ocean  are  almost  balanced  by  the  Corioll*8  terms  and  that 
the  Intense  ocean  current  like  the  Oulf  Stream  is  maintained  by 
absorbing  water*~iiias8  from  the  surroundings  by  the  effect  of 
lateral  mixing..  The  equation  of  momentum  transfer  in  x«direotlon 
(direction  of  the  mein  current)  becomes 

p  (M?  X  -'Sii  +  iTii  (10-^1) 

in  which  Is  the  residual  pressure  gradlont  after  eliminating 

the  pressure  gradients  equivalent  to  the  geos  trophic  terms 
The  te  vm  considered  to  be  negligible^ 

Tollfflien*s  analysis  gave  that  the  total  momentum  transport  by 
the  current  is  constant,  that  the  width  of  the  current  inoroased 
downatream  linearly  with  X  >  distance  from  some  initial  point, 
and  that  the  mass  transport  increases  downstream  as  X  ^ 

Rossby  applied  the  velocity  distribution  of  such  jet  to  the 
ocean  with  two  layers,  the  lower  of  which  is  assumod  to  rest^ 

He  derived  the  distribution  of  depth  |-||^  of  tbu  uppez  layer  which 
decreases  from  the  right  side  to  the  left  side  by  about  1000  tn, 
using  the  geostrophic  relations 

i  u  -  ~  3  -Siyis]  (to-\o) 

^  9' 

where  9  S  ^  densities  of  the  upper  and  lower  layers, 

respectively V  Further,  he  com luded  that  in  a  jet  on  a  rotating 
system  like  the  Gulf  Stream,  water  is  absorbed  from  the  right 
band  side  and  Is  discharged  to  the  left  hand  side,  contrary  to 
the  symetrioal  non-rotating  jet,  owing  to  the  decrease  in  Hu  from 
right  to  lafto  He  explained  that  tht:>  ejected  water  from  the 

left  edge  of  the  Gulf  Stream  forms  the  counter  current. 
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Aft»r  Rossby,  th»ire  wer«  s«veral  inva«tigations  on  hori- 
Kontal  mixing  of  wat^x'  masses,  momentuni  a>x'^  energy  across  the 
Gulf  Stream  or  the  KuroshiOa  There  are  some  evldenoes  tlxst 
both  currents ,  after  leaving  the  continental  shelf,  absorb  as 
veil  as  discharge  vater  from  the  left  side,  as  the  currents 
meander  intensely  (Ford,  1952 S  Ichiye,  1956b''.  Partloularly, 
the  vater  from  100  to  500  m  deep  to  the  left  of  the  Kuroshio 
Extension  is  transferred  to  the  right  across  the  current  and 
forms  the  Xntemediate  Water  of  lov  salinity  and  low  oxygon  in 
the  North  PaoifiO;;  (Ichiye,  1962). 

Ichiye  (1953b) also  found  an  example  of  ©^change  of  onorgy 
and  momentum  betveen  the  Kuroshio  and  thd  suxToundxngSu  Analysis 
of  the  hydrographic  data  of  the  somii-porman*!.’?;.  Cjvclonic  vortex 
found  betveen  Japan  and  the  Kuroshio  inrllcatos  tliat  the  total 
kinetic  energy  and  momentum  of  the  vortex  shotted  an  annual 
fluctuation  similar  to  those  of  the  Kuroshio  upstisacQ,  vxth  a 
time  lag  of  about  ono  months 

Later,  Ichiye  i  .1960a)  applied  the  minituum  maraontiiia  principle 
to  the  jet- typo  goostrophio  flow  in  a  two-- lay  a.rsd  ocoan  and 
determined  the  raodo  of  the  flow  ac  tho  final  a tags  which  vill 
be  reached  after  the  x'lov  loses  xts  energy  through  mixing., 

The  vidth  of  tho  current  becomes  narrou-  and  less  than  100  km,. 
Hovever,  he  also  found  that  tho  ttouble  jot^  ai~e  possible  when 
energy  is  supplied  co  the  main  current,  ei.  occabionally  observed 
in  the  Kuroshio  (Ichiye,  195&b)w 

The  viscous  boundaiy  theory  of  xvind^cr >  ron  ociiaoic  circulation 
yields  the  eddy  visci^sity  of  5  -  10  <EV^sa<.  *  fei-  a  roproson'tjtive 
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wirttb  of  200  km  of  tha  wwsterr.  boundary  <urroot,  HoiK«vor, 
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oi  '>rj)>  about  100  <nj  •  n  f;ivw  f  h>f  odd  -  oa.i;,  !««!;.  fhwr> 

/  2 
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th«  vlseoua  b<Hntdary  th«ory  and  tbosa  datorninod  by  Stotamal  (1955)  o 
Thia  dlTfaranoa  saams  to  ba  dua  to  tha  differanoos  In  tha  seala 
and  parlod  of  tina,  orar  vbieh  tba  avaraga  procassaa  wara  takana 
Tha  anargy  transport  fron  tha  turbulanoe  to  tba  maan  flovv 
!<, '  V-''  ooaputad  froai  lohiya's  (195?)  data  ara  plottad 

in  flg«  12  f  ahioh  shows  dlffarant  faaturas  in  tha  wastam 
and  aastsrn  raglons  dlaldad  by  l4X**K,  In  tha  wastarn  raglon, 
tha  anargy  Is  transfarrad  fro«  tha  SMMin  current  to  the  turbulanoa 
in  tha  left  side  of  the  naxlnsw  velocity  avZ  is  transferred  in 
tha  ravarsa  direction  in  tha  left  sidO}  and  vice  versa  in  the 
eastern  region*  In  general,  energy  exchange  is  larger  in  the 
western  region  than  in  the  eastern  regiono  Webstar  (19^1)  also 
datarminad  geross  tha  Gkilf  Straaw  off  Osaslow  Bay,  using  the  QEK 
data  of  120  crossings  during  Hay  and  June  of*  1958^  His  result 
is  also  plotted  In  flgu  12  ,  which  shows  a  rsittarkable  contrast 

with  tha  result  of  lohlye*  Wabster*s  data  are  tnor®  favorably 
o«*p*rad  with  tha  anargy  transfer  in  the  atmospbaric  aonal  flow 
datarminad  Iqr  Starr  (195^)  <■  However,  there  is  no  obvious  reason 
to  oonslder  that  the  tmergy  transfer  process  is  the  saota  in  the 
abaospheric  xonal  ourront  and  In  the  ocean  currents^  Also, 
disagreatnent  between  Ichlya*8  and  Wobster<='s  i^asult  could  be  due 
to  the  difference  in  averaging  process  (tho  roi'mor  using  space 
average  and  the  latter  using  time  average}  and  in  geographical 
locations  of  the  areas  measured,  though  the;  transfer  laochanism 
might  ba  quite  siad.lar  c>;-9ao  currents 

The  statistical  and  spectral  theory  of  turbi«l0nco  described 
in  chapter  9  was  introduced  to  oceanography  fii'it  'oy  Stoiatiel  (1949), 
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who  dlscussod  the  onergy  spootrum  of  turbulence  in  an  inertial 
aubranc*  (Chapter  9)«  using  discrete  ware  number  model.  Re 
expressed  the  energy  spectrum  and  eddy  rlscoslty  in  a  form 


likei 


(6  L/n)*  (  jO*  m) 


respect  ire  Iji,  where  L»  end  Vh  are  scale  and  velocity  corx'es- 
ponding  to  the  eddiles  of  the  n-th  order  soale. 

Stommel  associated  the  4/3th  law  of  eddy  viscosity  to  an 
empirical  formula  found  by  Riobardson’^(1925}  neighbor  diffuslvlty 
which  will  be  discussed  latero  This  4/3-th  law  was  since  then 
clalsMd  to  be  oonflnaed  by  several  authors.  Inoua  (1951)  and 
Defant  (1954)  plotted  various  values  of  eddy  viscosity  and  dif« 
fusivlty  estimated  fay  different  authors  with  different  methods 
against  the  scales  of  motions  corresponding  to  aaob  estiiaationu 
The  data  cover  frtNu  values  assumed  by  Monk  and  Hidaka  in  their 
theory  of  wind»drlvon  circulation  to  those  determined  by  small 
scale  diffusion  experiments  in  lakes. 

The  application  of  spectral  tbsoi'y  to  a  large  scale  oceanic 
circulation  was  made  in  a  formal  way  fay  Miyazaki  (1951)  »ind  by 
Icbiye  (I95ifo)  The  latter  considered  that  tho  energy  spoctrum 
of  the  ocoanio  turbulence  must  be  modifiod  from  that  given 
scbematleally  by  StoeiiBel  (1949)  owing  to  the  input  of  energy 
at  certain  wave  ntasbers  through  the  air->-sea  interaction  and 
various  quasi-per iodic  movements  in  theiiea^  Later.  Ichlyo  (1952d) 
that  the  energy  of  turbulence  of  the  global  soale  is  supplied  by 
the  higher  wave  number  oomposonts  of  und  stress  ever  tho  ocean 
and  proposed  the  form  of  eddy  viscosity 

[  i;  T,.  L,n''*  ] '''"  CIO- 1 2) 


VM*  0 
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vh«r*  th«  the  «rind  stress  components  of  wmve  number  m. 

He  estlneted  the  annual  rariaiion  of  relative  Intensity  of  tar-> 
bulenes  In  the  ocean  from  this  formula,  suffgostlns  that  the 
Intensity  has  tvo  maxima,  trinter  and  summer,  in  a  years 

luata  <1956)  assiased  that  the  difference  of  daily  mean  sea 
levels  betveen  stations  at  the  main  land  of  Japan  and  at  an  Island 
120  n,  miles  south  of  it  is  prm>ortlonal  to  the 
velocity  of  the  Kuroahio  flawing  betireen  two  stations »  He 
determined  12  hamonio  components  from  two  and  six  months  seriss 
of  dally  mean  sea  leval  differenoa  ,  respeetively,  and  found 
that  the  aifuare  of  amplitude  of  oach  harmonics  is  proportional 
to  01 where  01  is  a  frequenoy«  Re  argued  that  this  indicates 

the  energy  speotrum  of  la>:’‘ge  seal#  horlsontal  turbulence  which 

—  1/3 

Is  modified  from  ordinary  speotrum  of  01  owing  to  Coriolis* 

force.  Xt  Is  doubtful  to  consider  the  harmonic  i;^kponents  as 
energy  speotrum  of  turbulence  and  his  argument  on  deriving  the 
speotrum  with  Coriolis*  force  Is  not  obvious.  However,  this 
approach  to  datensining  larga  scala  oceanic  turbulence  by  using 
tidal  records  will  be  very  promising,  if  we  use  statistical 
techniques  to  detennlne  the  speotrum  of  fluctuations » 

OexeaUMl  (1959)  discussed  the  dependency  of  the  horisontal 
eddy  viscosity  on  the  averaging  period  of  fluctuation  velocities. 
He  dfcermlned  the  eddy  viscosity  from  the  data  of  ourrents  of 
two  weeks*  period  at  the  anchored  stations  of  20  m  and  100  n 
depth,  using  Ertel's  method  (1932).  The  averaging  period  was 
taken  at  20  minutes,  one  hour  and  six  hours.  Ho  found  that  the 
edify'  viscosity  ^  —  C »  whor^  T  is  the  averaging  time. 

He  derived  from  the  dimensional  basis  the  constant  C^as,  8 
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vh«r«  )J  Is  tbs  tt«iX<aeul«r  viscosity  a  This  result  is  dlfforont 
from  a  theory  of  Ofpira  (1952}«  It  will  bo  if^ortent  to  eheok  the 
effects  of  ereraffing  tine  on  values  of  eddy  viscosity  in  the  o«Mian 
dctend.ned  by  various  averaging  processes 

La  tun  {i960)  detemlned  horisonCal  eddy  viscosity  in  the  Black 


Sea  using  the  fomula 

Ax  =  W)-  /(aCtAoO  ;  h-x  - 

whore  i*  the  dji?*£  tiun  of  the  naan  flow  (  V'  o)  o  He  found 

82 

that  tha  valua.^  of  Aa.  almost  constant  3o6  x  10  cm  /sac) 

h  2 

and  those  of  dticicase  tioa  6*7  tu  5o2  £  10°  /sec  for  the 

averaging  time  of  5  t<-  6o  minutest  cantiary  with  the  result  of 


Oesentsvei  {1959)« 


Hean  velocity (broken  lines) 
and  kinetic  energy  transfer  2. 
(solid  lines)  across  the 
Kuroshio  and  the  Gulf  Stream. | 
(a)  Southern  portion  of  the 
Kuroshio, (b)  northern  portion^ 
of  the  Kuroshio  (Iohlyo,1957)^ 
(o}Across  Onslow  Bav  (Webster, 
I960) , 
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pt  Ml  1  !,(i  oma  pi  oOietns. 

™<r,<iording  to  Eiatoheior  and  Townsend  11956)  .  Lag>' af';'TQan  t 
irri^iymyrt  ol  turbulont  diffusion  fan  be  di'/li'od  irto  two  kinds* 
an  one-rpar  ti c  ie  analyrjis  and  two-par  tiolw  analysis.  Taylor 

in  his  ciasHl7,i.i  paper  on  diffusion  by  t  ontinuous  !aoia». 
Kiontj*  laid  thvj  foundal  ion  for  mo«t  of  the  *«iti3r  work  on  tbe  on*!— 
par’ifJe  analysis,  Theexiaiing  ihooi»«s  on  torbulo»"t  diffusion 
ar«i*  far  from  b<?ing  -'omplet«i,  butauae  of  ooi  b  .tnnajorP,  diff  j  oui  1 1  aa 
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^’  Is  Snd*pefKiant  on  timOr  Ttion  Ui«  i-Mla+ion  i  omot* 

fi  r'/Jt  3  RU)<^5  (  “  3) 

Integrating  this  with  time,  «r«  harsy 

~=  5  liP  i  ^  Ct  -S')  ("■4) 

■^6 

In  i>artlcular«  for  snail  valueft  of  ^  such  that  Rfl) 
is  Tory  cijLo3<«  to  unity, 

—  =  ta  Oi  s) 

Waen  bseome  ;..  ro  for  suifSoiontl-  ?  rgo  t,  wo  bav* 

^  ■■  j  ''/?r5)ds  -  «  j'^^'iR{t)d%  (/!-6) 

This  rotation  is  valid  only  wtivn  tht>  Intogialfs  do  coni^orge  but 
thor*  is  somo  doubt  ou  the  validity  of  c  oi^iror gonoy  fot  otpoanicr  and 
atmosphorie:  tmbulanrio,  for  wliioh  s iati ovm<  inosri  in  time  is  not 

obvious  <, 

Froa  analogy  wlTn  noloeolar  diffusion,  addy  dtffus^vity  is 
defined  by*  _ 

X  -  ;n  C 

•'  0 

Many  setoieoiplrloal  r-e'Ations  ar*t  given  foi  various  forms  of  the 
correlation  functions  by  FranfciaZ  11^53) 

lii’liiye  ( i960 (5)  apnli od  the  oquMuiorts;  <  v<ndt.  '  C)  to  dyo 
diffusion  experiment'^*  -Jon*  by  Gunnei  son  <  '956)  off  ti'.-j  CaJl- 
fornia  ooasto  He  c  oiwpar ad  the  olaingc^t  of  dv.irsal^i  rt  of  pu  ctVho*  f i  om 
an  instantaneous  sotu  ■  e  with  tho  mean  c orn  en vrat ion  dGs.iv«d  from 


the  above  theory  » 


and  th«  on*  obtained  from  Jonmpii  and  Sandnar"*  thaory  which  will 
ba  dlacussad  latarp  rha  raaults  of  t-h«  orparimants,  in  which 
tha  maximum  dlmansions  of  dya  patohos  war  a  i^ss  than  1.00  ara 
bast  flttad  ty  tha  coneantraticm  function  darlvad  for  tha  initial 
etaga^  in  which  f’i  ^  Ha  also  tha  pattarns  of  dya 

ralaasad  from  continuous  sourcas  to  tost  the  ooncantration  function 
obtainad  by  Trankial  (1953) o  Ha  found  that  tha  function  for  tha 
initial  staga  of  diff.  -ion  a^aas  with  th'  <.  >sarrad  pattarns 
which  has  a  longltudlrtal  dimans.ion  lass  than  1  kmc  Gifford  (In 
personal  oomoiunleationl  suggrestad  that  thw  diffusion  of  paiohas 
from  Inatantaneous  soercas  must  ba  axplaioti^d  b)>  twO:<'particle 
analysis p 

Tha  idea  of  tvo.>particle  analysis  was  ;'or  che  first  tima 
introduced  by  Hiohardson  (1925)  to  atmospJT'sric  diffusion  xx*oblamSo 
Ha  proposed  neighbor  eoncortratlon  In  ono  rfinienslon  wiiioh  is 
defined  as  s 


Ti.  (  jP  ,  t  ')  -  ^  i  M  )  c(  >  (11-9) 

where  tha  ordirsry  concentration  Xu  othor  words  'y}(i)ciP 

is  the  number  of  pairs  of  diffusato  parx-f  1  os  ;Wiich  hav«  r  dlt 
tanca  between  and  J -f  d  (  ,,  Bejacv-ing  Iho  oidioavy  .f'ioician  as 
unsuitable^  Richardson  postulated  tha  neighbor  dxl'fiision  aquation 
for  ->1  « 


(  I  i  -  lO) 


in  which  is  oallad  neighbor  di  rtVtsi  c  i 

Tha  wide  use  of  mighbor  coneaotrati  .j>;  vpuii  iiawpej  by  diffi 
cultias  in  detazmining  it  from  obsor  vat  j  o.''"  A  iso.  i»ji)  ordinary 
concentration  cannot  D'*  uniquely  dai  ir.:.tj  i'>  oiti  v?  ,  ^ Itiiijo 


( 1950e)  has  shown ,  A  ffjiuria)  trans  ^'cA-n 


c  (■  -  n-^  ..'oua  cj  on  bat  ocies 


/7 


<  ,  t 


)  S'  ( :•<  .  i  )  rS  ^  {  ){  t  ; 


lo  ( 


/  '>7 


I  i 


!  •  /  n 


wher«  N-  dx*^ts  thi  Fourlar  trans- 

ttarm  oflf^^and  Is  tha  oonjufata  of  S  •  Thsrafora,  tha 
naichbor  oancantratlan  only  daflnad  tha  aBplltuda|S{^)0O|bMt  not 
tba  plMtaa  of  •  Shonfald  (1962)  polntad  out  that, 

uhan  tha  eonoantration  S  (X-j  has  tha  random  varlatioi^^(f^)tha 

atatistloal  araraca  of  tha  aquation  (»N)clvas» 

Tharafora,  tha  moan  nalqhbor  oonoantratlon  cannot  ba  tranalatad 
into  tha  laaan  ordinary  oonoantratlon  if  tha  random  flucbiatiooa 
of  tha  ordinary  oonoantratlon  ara  unknown. 

RlOhardson  (1926)  Induoad  tha  formula  ^  A  from 
5  sats  of  abaarvatlons  of  sttUh  atsKKspharic  diffusion  as  soattarlnq 

of  woloanlo  ashaa  or  of  toy  balloocM^^rango  of  lan^h  soala  from 

4  •  » 

15  to  5  X  10  m.  This  formula  is  usually  reforrod  as  the  4/3 

law.  Lator,  Stoamol  (19^)  datarmlnod  the  neighbor  diffusiwity 

in  tha  ooaan  for  Uta  distanoas  of  10  cm  to  100  m,  using  the  ra** 

latloni  ^  _ _  , 

Ffi-TTT^J 

in  which  Ao  snd  ara  the  initial  distanoas  of  pairs  and  those 
after  time  t,  raspaotively,  and  bar  indicates  tha  statistical 
awaraga.  Olson  and  Xohiya  (1959)  detanslnod  pY/j  from  tha 
data  of  drift  oards  and  drift  bottles,  using  the  f^i'mula  (ii'<i)or 
nodlflnd  relations.  They  d>tained  tho  empirical  relation 

F(j?)  =  0.025"  CII-  /43 

for  the  range  of  distanoas  from  1  em  to  1000  kmc 

Batohalor  (1950)  applied  tha  similarity  concept  to  the 
neighbor  diffusion,  i.e^  two  particle  analysis v  Dimensional 

arguments  show  that  tha  maan^squara  separation  d  has  a 
rata  o  f  change  of  the  following 


dCF’Vitt »  CIM53 

«li«r«  jlp  is  th«  initial  (  t  ^  f>  ^  ssparatian,  }/  is  ths  siols- 

eular  TisnositsTt  And  %  is  an  imlTsrsal  funetion*  far  turbnlsnos 
with  vary  Xargs  Rsynolds  mihtr^  aMli  as  in  ths  sosan  sad!  ttas 
atmosphsrs,  j2(t)and  ars  lares  osaparsd  with 
which  is  s««ial  to  ths  Isagth  asais  0(t  ths  viassiia  <lissipatisn 
rants  (Chapter  ^  )•  Thsrsfsrs»  /dJC  asiat  bs  inds> 

pendant  on  ^  •  Vhsa  fr  is  sufficisntly  snail,  ths  rats 

of  obancs  of  is  linsar  in  tT  «  Sines  ths  wslosiiiss 

of  ths  two  partlclso  rsaain  approaisMtslf  constant  durine  ths 
diffusion,  so  thst 

d¥/U  -  t  (e£o)f  <"-'0 

lAisn  i;;-  is  larfs,  ths  rslativs  notlofl  sf  tbh  two  partiolss  no 
loncsr  dspsnds  on  ths  ialtial  ssparatisn  •  Than  ttas  ataa-" 

tt<»  .■  c<(P)/«u- ~  ei*-  (ii-ir) 

Oosabinine  tbaaa  two  fomnlaa,  latslaslsr  abtainad  ths  rslatlaat 

-m (!?)■''-*, Ct  (ir{o- 0%  -fc,  ( t f  ^ l-rf 

whsrs  tnd  ars  univsrsal  constants,  Ths  aquation  Oi'fi)  indi» 
oatss  that  ths  rslation  (IHQantfQt*^  ia  ralld  for  tisis  seals 

o*/€.  3  ^  rsspcctlrslf , 

Ths  rslatieas((|4)  ,0l'i7)  mniOHf)  rswsal  sxplicitljr  tbs 
assslsratina  oharastsr  of  rslatirs  notion  such  that,  as  ths 
soparstisn  inorsasss,  laresr  sddiss  nap  catch  sach  partiols  and 
thus  ths  tsnJsnsy  to  a^arata  basssMa  srsn  noro  rapid. 

Zcdiips  and  Olson  (19^)  saplalnsd  Rlshsrdson's  V3  law  an 
diannsional  basis,  first, thsp  solwad  snslytlcallp  tbs  squstlon 
(l|*Kl  bp  taldna  ,  Bp  oonparine  ths  solution  of 

nsifbbor  oonssntrstisn  with  the  rslation(l|‘l3),  which  was  ussd 
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by  StoHMl  and  othors  to  datormina  tha  neighbor  diffusivity  from 
obaarvationsy  they  provad  that  tha  formula  a  good  approx* 

imatlon  for  on  4/3  and  for  tha  time  intervals  satisfying 
ei'Uiar  \  Ji^  -  io^\  (large  tiao  scale)  or  j  Ji^ 

(small  seals)*  Then,  using  Batchelor *b  rolation  (in8}thoy  proved 
the  4/3  law*  For  large  time  scale,  the  equation  (D-I^becomos : 


Tha  neighbor  dlffusivity  doterainod  by  the  equation  (//■ /^becomes 

F  (7")=  Cll■2<0 

For  SDHkll  time  scale  tha  aquation  (I  M  fields  the  value  of  as 

Howaaar,  /v  jfo"^  N*- 

for  small  time  scale.  Tharoforo,  again  we  have; 

L'^  Oia-l-A) 


Ossd.doT  (1957)  made  oxtansivo  neasuromonts  of  neighbor 
diffusiwity,  using  tho  formula  similar  to(ij'13),  in  the  Caspian 
^'aa  and  in  an  artificial  reservoir  of  dimensional  8*6  m  x  8.0  m 
/  with  3  m  depth*  From  50?  sets  and  l65  sots  of  measuromeuts  in 
tha  sea  and  the  reservoir,  respectively,  ho  obtained  the 
smpirlcal  foxmula  for  neighbor  diffusivity  in  shallow  water  of 

depth  H  a»!  F('^^  J?/H)=:C*  ^ fit 

in  wfalchjjB  Is  a  correction  function  for  the  4/3  law,.  The  function 
■^2k  i*  almost  equal  to  unity  for  and  increases  to  4  at 

Ji/H  ”  Osmid  o-y  (1958)  explained  this  dependence  on  re* 

lative  depth  from  an  hypothesis  of  an  inclining  axis  of  the 
turbulent  eddies*  Then  ha  (Ozmidov,  I960)  used  the  ordinary 
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•My  dlffoalTltj  of  a  font  olroular  «y— itrio 

fioklAii  oqvation  and  obtainod  tho  solution  of  oonoonfctatlon  au^ 
ast  i'  ‘ 

whoro  /I  la  tho  dlstaneo  froa  an  initial  point  sooreo  and  (Jgt  ia 
a  oonotant.  Rowovor,  thoro  is  no  dboioua  roaaon  that  tho  4/3  law 
for  aoiRhbor  diffuaivltf  oan  bo  appiiod  to  tho  ordinary  oddy 

oiooooilT* 

■an*nlti  and  Olcal>o  (195?)  roportod  tho  rooult  of  aapariaont 
of  dgro  diffusion  and  dioouoaod  tho  anlootropy  of  do  pate.h* 

Zohiyo  (19dt}  did  Bioro  oxtonslvo  oacporiaMMits  on  df*  patohoa  with 
lonpth  aoalo  loss  than  100  m  and  onnolndod  that  tho  patcdios 
usually  booono  olonpatod  in  tho  diroction  of  wind  or  currant  if 
its  spood  ozooods  oortain  critical  valuos. 

Taylor  (1954)  dlscussod  tho  diffusion  of  marked  flow  through 
a  plpo  and  dorlvod  tho  virtual  coofficiant  of  loniritudi^)<i  1  dif¬ 
fusion  arising  from  tho  combinod  affoct  of  lateral  diffusion  and 
variation  of  velocity  over  the  cross-section.  The  arjirument  was 
extended  to  un  open  channel  by  Elder  (1959). 

The  problem  has  a  practical  interest  because  one  of  the 
methods  used  by  engineers  for  aeasurinr  a  spnd  of  a  larite  channel 
is  to  release  a  packet  <f  salt  at  one  point  and  to  measure  the 
salinity  at  another  point  distant.  The  Fickian  diffusion  equation 
is  riven  by 


in  which  K.  is  the  direction  of  mean  motion  and  is  the  component 

of  the  eddy  diffusivity.  The  velocity  of  mean  flow  consists  of 
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th*  ttMin  rvloelty  orBr  th«  cross  section «  XT  deviation  at 

Individual  points  u/  •  S  asstnsed  to  have  a  forai 

and  lencitudlnl  diffusion  Is  noKlaotedy  equation  beooaes 

in  idUeh  ^  «  X-  XT’fc 

For  a  elreular  pipOy  Karawn's  logarithmic  law  of  velocity  near 
the  wall  yields  the  velocity  distribution 

U  *  Uo  -  t<a^CR)  Cn-lSA) 

5(R)*  cii-^rO 

(  <  R  <  O 

idiere  R  Is  the  ratio  of  distance  Jt  from  the  center  to  the  radius 
of  the  plpeyCt^  U^is  the  velocity  at  the  center  II— 0  and  l^^is  the 
frictional  velocity  (  «  )  for  the  stress  at  the  wall 

■uBorloal  coefficients  In  'f  C  R.)  are  determined  by  use  of  data 
from  experiments  by  Stanton  and  Fanndl  and  Nikuradse.  This 
velocity  distribution  yields  the  aversf^e  velocity  77  and  the 
deviation  U.'  t 

17=  U.  -  ;  U'r  w^f4.25-~  :5^CR)]  (n-as) 

Keynolds*  analogy  between  transfer  of  matter  and  momentum  by 
turhulenee  postulates  that  the  eddy  diffusivity  is  equal  to  the 
eddy  viscosity.  Therefore ,  the  eddy  diffusivity  X^^in  H  — 
direction  is  piven  by 

Since  Kansan* s  similarity  hypothesis  leads  to  'V,  /R  • 

equation  (  ||*27)  becomes 

a.  B  Uy  (M  -sO 
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at  ttaa  bottoai.  Equations  {thSO  )  and  (  ll'3^  )  with  this  valocity 
distribution  and  corrospondinc  oddy  diffusivity  Xj^yiald  tha  virtual 
addy  diffusivity  ovind  to  oonvaotion  and  lonipitudlnal  diffusion 

Kj,  *r.  i  Ut.  ( 11-5  aO 

and 

Ua-  (IhSSh^ 

rospaotivoly y  in  thq  opan  ohamial.  Ha  proved  thasa  rasults  by 
axpariaants  and  obtained  tha  virtual  diffusivity 

Ellison  (i960)  ^uintod  out  that  Eldar's  valocity  profile 
infinite  velocity  at  tha  free  surfacoo  Ha  proposed  the  shear 
stress  ^  which  varies  lineary  with  height,  vanishini?  at  tha 
surface: 

'ir' f  O-Z) 

From  the  similarity  law  for  small  turbulence  near  the  free 
surface  postulated  that  the  vertical  eddy  viscosity  near  the 
free  surface  ;5iould  be 

^  ss’  nn  C'fi 

wbaro'ltlis  a  constant  similar  to  Kansan's  '  Since  near  the 
bottom  of  tha  channel 

«*o  (U-3Sb5 

tba  approximation  to  ^  throughout  tha  depth  of  the  channel , 
satisfying  the  condition  (  )|-3S’A.)  near  tha  surface  can  be  given 

?  (*^  (i’’- 
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(  I  ~  Z./A)i  and  ^  =: 

0 

This  formula  may  ba  curoparad  with  that  rasultini?  from  Eldar* a 
loKarlthmle  profila 

and  with  that  rasultin^  from  an  application  of  Karman's  hypothaaiat 

?  U,  =  sf*  fi-f:)  ( 1 1  Bi  c) 

The  valocity  profilot  can  be  aaaily  computed  from  the  niation 
^  =:  '2r  •  “Th*  raaulta  corresponding  to  ( 

and  (  )  are 

t<„  4-1  !-%  ■»  J- 

{'  / »  •  40^') 

jiy^  (f-y)  (/h4ob) 


¥P 


Umo 


The  virtual  longitudinal  diffusivity  is  given  by: 


(  /  hAc>c) 


K>  -  Sol’7<Z''>y'lC  (/c+O 

The  comparison  of  Eldo**s  empirical  formula  of  ^  **>• 

theoretical  one  obtained  from  (  )  yields  yv)  s;  d-^O  coures- 

ponding  to  Karman's  constant  H?c  ~  O>40 

Longitudinal  dispersion  of  discrete  pai  tides  in  a  pipe  was 
discussed  by  Batchelor  and  others  (1955)  for  non-buoyant  particles 
and  by  Binnie  and  Phillips  (195^)  for  heavy  oi  buoyant  particles. 
These  works  gave  a  theoretical  basis  for  <-ho  method  of  determining 
tha  discharge  velocity  1  the  average  volocicy  uver  a  section)  by 
measuring  the  transit  rime  of  the  particles  bo  !;ween  two  sections 
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Eld«r  (1959)  applied  Taylor *8  discussion  (195^)  sxplainod  abovo 
to  tho  diffusion  of  dlscrota  partlclos* 

Taylor* s  ono-partlclo  diffusion  tboory  in  a  circular  pips 
with  radius  (](,  yields  the  oquatlon  for  tho  LaKran^ian  coefflclont 
In  tho  longitudinal  (x-dirootlon)  diffusion} 


S.(iu^K.xt  ^  t  ■“  ”^^*3  (11*42;) 

wfaoro  Is  a  distance  travelled  by  a  particle  durinir  a  interval  "t 
whlah  is  aanaMared  larita.  This  equation  ean  be  converted  to  an 
expression  for  the  dispersion  of  the  time  of  ti'avel  over  a 

^iven  distance  ^  .  For  lari;e  ^  , 

t  m>  -  Irfxj-  T&r  (ii.43<t) 

T  TOO  <»  -x 

where  mean  velocity  determined  by  a 

transit  time  of  a  pirticle  of  radius  .  Substitution  cf  {  I  I 

and  (n*48b)  into  {  H‘4S  )  yields 


Hx(^0 


(  f>*44-) 


ThereforOf  the  virtual  coefficiant  of  longitudinal  diffusion  K.x('’^3 
can  be  dotemined  by  measuring  the  transit  time  'T' (y.^  . 

Elder  (1959)  derived  the  equation  for  the  average  velocity 
of  the  particle: 

ir(*)  -  a  «  (B5  RdR  (11-45) 
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taklnif  Into  account  that  tha  particla  cannot  ontar  tha  xaffion 
closa  to  tha  wall«  H  ol  <  R  <  f  •  Tha  computation  of  tha 
virtual  addy  dlffusivity  must  ba  modified  by  taking  tha  uppar 
limit  I-  in  aquation  (  II '30)  and  using:  t(.  Li-U(o() 

The  values  of  ^  computed  by  Eldar  using: 

Taylor’s  velocity  distribution  (195**')  decrease  from  10.6  for  of®0 
to  1  for  and  a^ree  well  with  those  determined  by  Batchelor 

and  others  (1955)  from  measurements  in  a  pipe  using:  equation  (ii'M-). 

Tha  method  of  detai^ininK  }(’^£^)for  buoyant  and  heavy  particles 
is  also  modified  by  usini;  tha  average  velocity  ibrsuch  particles* 

Tha  probability  dansity^fx^of  tha  particles  is  determined  by  tha 
diffusion  aquation  (sea  Chapter  15) 

'ur  ’•  “0  ( I /•  4"^ 

where  is  the  settling  velocity.  The  solution  for  the  eddy 
dlffusivity  given  by  (//•3*?'f)  for  an  open  channel  is 

B(Z^=  11-47) 

where  ^  -s  -n/-  ( Wy  •  The  mean  velocity  is  given  by: 

fj'"'  P  (Z)^‘f£  ,  01-48) 

The  virtual  longitudinal  dlffusivity  can  be  determined  from 
aquation  (  IJ’50  )  with  U. '  =  U~  TT -  The  result  is 

for  o/vO  «  corresponding  to  small  particles.  |<;^  rises  by  OSf  Jl( 
above  a  matimum  atj^jj^  and  decreases  to  aero  naar^  tdtf  .Blnnla 

and  Phillips ( 195^)  derived  the  mean  velocity  for  a  circular  pipe: 

(  Ot)  '»")  *  TJCo<,  O)  (Il-S-O) 

where  f  ®  ‘W'  /  ^  constant  depending  on  o( 

and  )^^is  a  dimensionless  dlffusivity  rr  "iC  / CL 
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This  squatlon  indloatss  that  th«  V"  (  ^ i  Is  an  svsn 

funetlon  of  Y"  o'**!  thus  tha  offset  of  buoyancy  and  ssttllnff  on 
tha  avsraits  vsloelty  is  saas.  This  was  proved  by  their  experiments 
in  a  ranice  of  /  >  |  <  0*  o  ^  . 

Batchelor  and  Townsend  <195^)  discussed  the  effect  of  molecular 
diffuslvity  on  diffusion*  Tor  small  time  interval  satisfying: 

Lt-u-)  ^  W  (ii-si) 

where  X  end  ^  are  respectively  molecular  diffuslvity  and  vis>^ 
eosity  and  ^  is  the  mean  square  of  the  vorticity  of  turbulence 
turbulent  and  molecular  diffusion  are  additive  and  the  total 
diffttsivity  is  given  by: 

^  Li 


For  larger  values  of  ^  'bo  »  they  derived  the  equation 

^  ^  XTJt{^(b-iof  0l*«3 

Saffman  (19^0)  proved  by  a  rigorous  treatment  of  diffusion 

«li«tlon  that  A  -  f  X  «*  (  *•■  to*  <11 -54) 

He  also  derived  that,  for  tb*  C  t  - 

whare  xa  »  constant  of  order  unity^  Since  C/t*5rO 

C  t- 6^3  C  I  i‘5-^) 

the  ratio  of  |i^|  to  the  effect  of  molecular  diffusion  becomes 

1^1  JiX  ^  (II'S?) 

where  ^  is  another  constant  of  order  unity  and  (^3^ 

with  dissipation  length  ^  o  Therefore,  if  the 

Reynolds  number  of  turbulence  is  sufficiently  large,  the  effect  of 
molecular  diffusion  is  saull  compared  with  tux^bulent  diffusiono 


119- 


Ogura  <1939)  discussad  th*  affect  of  a  finito  aaaipling 
intorval  on  oatlnatod  propartlaa  of  diffuLon  of  particloso  If 
^  la  a  atationary  randM  voloeity*  ita  aavplo  Man  Talua 


ovar  tha  intorval  fp  la 


T/a 


rf  *)</? 


C 


Tho  fluctuation  rofarrod  to  tbis  soan  voloeity  is 

-if  (.n-si) 

TV 

and  tha  autoo^corralation  c<Nq>utad  froft  this  sampla  is  glTan  by 

-‘T  (wsb) 

Tho  onaoaiblo  avorago  tho  function  )  is 

oqual  to  tho  avorago  ovor  t  on  tbo  basis  of  orgodic  thoory^ 
Thoreforoy 


Rt<^^ 


Jlim  -i-  014"!) 

A*^eo  ^  -'-A/a 


Substituting  (ll*60)  into  <ll»6l)  and  Mindful  of  tho  dofinitlon 


of  tho  naan  corrolation  fune  tions  ^ 

■ff"'  RTi'<r,i)=  l\.  RT(f)  - 

T->0^  T->»*  ^  -Afa.  (/1.41b) 

whoro 

^  U.'vvi  (y^th  *  u'C4) 

-PVPO  ’  ^ 

wo  havo  _ 

RT((r)  =  -  ■^£  Oi<a) 

Tho  function  R»o  (  oxprosaed  by  its  onorgy 

spoctruM  Pi4i\)by 

Ra*  Cos6^0d>\  Cn-63) 

whoro  'TV  is  tho  froquoncyo  (Soo  Chaptor  )o  Substitution  of 
(11.63)  into  (1U62)  loads  to  , 

'  r 1 1- 
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Thl*  •quatlon  Indicates  that  the  finite  obserTation  interval 
sets  the  filter  expressed  bjr  ttie  tem  in  brackets  to  the  enercy 
speetrtssf  cuttinc  off  to  the  Imrgm  extent  tftie  oentri  but  ions  frosi 
the  rante  of  frequencies  less  than  . 

fellovlnc  Taylor's  (I9bl)  treatnent  of  diffusion  by  eontln- 
uous  novenent,  the  SMan  square  displacenent  of  particles  in  a 
finite  observation  interval  is  defined  as 


Substitution  of  (ll*6b)  into  (11*65)  yields 

Which  indicates  that  the  finite  interval  sets  the  same  filter  to 
the  energy  spectruoi  as  in  equation  (ll*64)o 

A  slnple  Lagrangian  auto^corr elation  function: 


Cl- 

tsf  o 


f.y  W  $50 

fy-y  (11.67) 


leads  to  the  equation  for  • 

t)  CI1.6«) 

•Iwr*  /\  c  ff"o(  i3^)t  is  a  length  scale  of  turbulence}  b 
and  K  respectively  dimensionless  diffusion  tine 

and  observation  interval*  The  function  (^  (  '(r  >  7”  J 
ordinary  nean  square  of  displaceaients  averaged  over  all  ‘realiaations 
and  a  calculation  shows  that  reaches  laaxlmm 

as  'fp'  — >  bo  o  The  diffusion  fron  a  fixed  source  (like 
ohiMiey)  consists  of  two  parts:  fluctuations  of  the  centers  of 
auiay  aamke  puffs  and  dispersion  of  individual  puffso  The  function 
oo^  which  expresses  the  dinensionless  width  of  the 
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mmkm  pattern  •▼•rafod  wr  all  raaliaatians  raprasants  tha 
rasnXtaat  affaat  af  tlMsa  two  kinda  of  fluctuations  of  aacli 
partiela.  Tharafara»  it  is  largar  than  tha  valua  for  a  finita 


# 


far  and  ^  <1-^  »  function  baconas 

♦  f  Oa-tO 

If  di^**  ^3  for  tho 

raapa  '^<]||[  •  this  valua  is  oquivalant  to  Batohalor*s 

farawla  j£(t)  (ll«17)  for  tha  naifhbor  distanca  J^ft) 

In  tha  inartid.  subrancoy  baeausa  raprasants  the  diffusion 

af  individual  puffs  undar  tha  condition  ^  and  bacausa 
ilia  mnca  corraapands  to  tha  inortial  subrango. 

Tba  awan  cancantratian  of  tha  diffusata  in  a  finite  sanpling 
pariod  is  also  aodifiad  by  rivlacing  aquation  (12*8)  by 

ration  of  isotropic  turbulonca»  if  tha  avaraga 
distribution  of  aanifca  pax'ticlas  follows  a  Gaussian  law. 

Ogura's  results  are  luportant  to  evaluation  of  diffusion 
aspariuants  which  are  usually  done  under  the  ondition  of  a  finita 
obaarvation  interval » 
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12*  Turbulent  diffusion  «s  stodMStie  phenonona 

Roeont  doTOlopnonts  in  theory  of  turbulent  diffusion  are 
divided  in  tvo  foneral  catecoriee  i  en^  usinff  %tocliastlo  sMdel** 
and  the  other  is  usine  "taydredynssiio  Mdel"*  In  the  fonMr 
catefory*  diffUsate  is  considered  as  transported  by  irroff- 
uler  siotien  of  particles  uhieh  say  or  nay  not  be  a  part  of 
fluid,  and  the  aetion  of  the  fluid  itself  is  net  rigorously 
speeified.  This  oategory  say  be  divided  into  two  approaOhes; 
"heuristic”  and  "analytic*,  and  both  approaches  are  discussed 
in  this  chapter*  The  faydrodynaaic  model  of  diffusion  is  based 
on  the  Sulexian  transport  equation  which  is  linear  about  the 
eoneantation  of  tha  diffttsate*  Then,  by  use  of  Icnowledge  on 
statistical  behuvier  of  the  motion  of  fluid,  either  same  averaged 
conditions  or  spectral  properties . of  the  dlffusate  are  derived* 

This  model  will  be  discussed  in  the  next  chapter* 

Two  heuristic  approaches  in  stochastic  BM>del  were  applied 
te  the  diffusien  in  the  ocean.  Joseph  and  Sendner  (1958)  consi- 
dared  the  probability  ^  (  R  ^  /i 

particle  initially  at  the  distance  from  an  origin  R  is  found 
after  a  time  at  a  circular  ring  with  a  radius  from  fi,  to 
ri+Jji,  ,Tlie  probability  ^  (  R.  ’3  /L  ^  iri  "that  a  particle 

is  found  after  -i  -t  A  t  at  the  ring  can  be  derived  by  assuming 
that  tbe  particle  initially  at  moves  to  a  ring  area  (/if  , 
after  a  time  t  and  then  moves  to  the  ring  between  and  t 

after  a  time  At"  •  Assvwng  that  these  two  steps  are  Independent, 
we  have: 

•t 

Kolmogorov’s  theory  indicates  that  this  functional  equation 
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oan  b«  tranafonMd  into  tho  Vokkor-Planek  difforontial  oquationi 

with  tlio  oonditioiM  that 

J"/4  (rt,  ;n,i)  Jirrn^n.’^l 

Him  “2^—  f'*  (U'4) 

A-t^fO  Jo 

Ai'^O  '*■^4 

Tho  first  condition  roprosonts  noraaliaatlon  of  the  probability 

density  .  The  second  - '•‘jndition({‘2^  Indicates  that  during  a  small 
time  Interval  a  particle  moves  with  the  mean  velocity P(x.)  ,  A 
third  condition (iSK^  shoea  that  the  moan  square  disporson  of  the 
locations  of  particles  increases  linearly  with  distance  from  the 
source. 

The  solution  oflS'^)*  under  the  condition  that  the  total  mass 
is  eonoentrated  at  the  orxein  at  ■{,  =0  ,  is  (  Po  »■  ctnisti) 

A  (It  jt)  -  >6C  oj ^>t)  *  Mo  (Poiy^  expC'-^/f'oi) 

0  2'0 

Bourret  (1959)  derived  the  distribution  function  (/2>q)by  an 
intuitive  method.  Re  introduced  the  position  entropy  of  the 
diffueate,  i.e.  a  measure  of  the  uncertainty  as  to  the  position 
of  a  particle  whoee  positlonel  probability  la  given  by  ^ 

In  Which  ct  A  “  Aw  Jtf  dflf  . 

The  rcbilsatlon  of  diffusion  occurs  so  as  to  tuake  ^^t}aiinimum 
under  the  constraints  represented  by  two  conditions{l2-3)  andO^^)*- 


(  i  a  •  2.J 
ri2‘3) 
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« 


rainiaal  condition 


Dclne  La^angian  multlpliors  ^  and 
for  ^  ylalda: 


^  Jl  -yM 


Sine# 


J  ^  la  arbitrary,  wo  havo: 


Cia-'*?) 


Subatltution  of  this  result  into  the  conditions  (l^^and  (id* 4) 
datanainas  C\  and  jiA  and  tha  aquation  (iS-4^will  be  obtainad. 

Josaph  and  Sandner  (1962)  applied  the  solution  to  tha  data 
of  axparinants  on  diffusion  of  radioactiTO  substanca  in  a  length 
scala  from  10  to  100  km,  the  change  of  turbidity  in  the  North 
Saa  and  tha  spraading  or  tha  high  saline  Mcditerraan  watar  in 
tha  North  Atlantic.  Thay  consldarad  that  the  diffusion  valocity 
Pq  has  a  spactrun  sinllar  to  that  obtained  intuitively  by 
StoBwa;  (19^9).  I^iye*s  (19d0)  analysis  of  experiments  of 
dya  patohas  indlcatas  that  tha  Joaaph  Sandnar’s  solution  is 
not  appropriata  for  diffusion  vitfa  langth  scale  less  than  100m. 

Schonfeld  (1962)  proposed  another  hourxstic  model  of  hori<. 
sontal  diffusion.  Let  a  particle  moving  with  velocity  T/*  in  a 
direction  "X,  vith  x-axis  transport  the  substance  from  the  dis» 
tanoe  /t  •  'fha  concentration  of  the  substanco  arriving  at 
(x,f)  is: 

^  (  X-A  Cj^'X  y  Ji  y<u^x) 

The  transport  in  the  r-direction  by  this  particle  is: 

^  C  ^  ,44^  X)  ir 


Tli«  total  transport  ean  bo  obtained  by  arorasins  this 

oror  all  pooalbla  distanooa  ft  and  over  all  anflo  "X,  m  It 

dil/jl  to  eoooidorod  ao  tlio  atatiatle  oolebt  of  tbo  irrocular 
notion  of  partiolos  at  tbo  diotanoo  /t  ,  wo  haro; 

*  ik  fCiOJ>ix-^cjB<^Xy^'Kvy^X')t9<sX 

oboro  ^  is  aaouBMd  to  bo  a  funotion  of  JZ  only* 

Lot  a  Fourior  transfom  of 

Mt;  o»n) 

and  ^^and  bo  Fourior  tranafonsa  of  71  x.  » 

rospootivoly.  If  no  put: 

K  (0-)  ’  ^ 

With  3^  donotinc  tbo  Bosool  function^  tbo  equation  (iS*fO)oan  bo 
roduood  to  an  involution  intocral; 

l^^(t  A  (P'li) 

K(o0  oallod  tho  "Intocral  diffuoivity^  by  Schonfold* 

In  tbo  absoneo  of  a  naan  flow,  tho  transport  aquation  in 
tvo  dinonoioos  takos  tbo  fom: 

lA  dJbL  i-.aJ23L  s  (1^14-3 

SHr  ^  -ax  9^  9  ^  '' 

X^)  !•  ^bo  rato  at  vbioh  diffusato  is  supplied  par 

unit  tine  and  par  unit  aroa»  Fourior  transfomatlon  of  this 
o^juation  yields: 

^£(i  ■>  <\,y)  4Tr*  r*  <''^'5) 

wboroal^j^s  a  Fourior  transfora  of  X  ,lif) . 
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Vh«fi  «•  tak*  into  account  an  flnlto  dolay  of  tho  diffusato 
to  bo  ad.sod  vltb  swrroundinc»t  transport  is  oMdlfiod  act 


JL 

flt 


tiM< 


(  A*  -  r*  1 7*)  ^ 

Iktrodoeinc  on  additional  fonrior  transfons  vith  rospoct  to 

-  _f“  it  S(t} 

tho  Of  nation  (Il'dOis  tranafomod  intot 

+47rV*-  /< ( ^  ^ 

((T»« 

Tho  ronrlor  transfomation  of  tho  ordinary  adroction 
Ofuation  yiolds  tho  rosalts  sinilar  to  (lajf^or  (i2-,9)undor  certain 
statistical  oonditions  of  rolooity  fields. 

Tho  fom  Cti^^sucsosts  to  us  that  the  intsfral  diffusirity 
K(i(^s  a  n  oasuro  of  spootrun  of  i.o.  tho  onorcy  of  tur«> 

bulonco.  Schdnfold  assusod  that  there  is  a  correlation  botvoon 
CO  and  <5^  in  tho  usual  turbulent  motion.  Assuminc  that  (jJ 
booonos  larfo  only  around  (JJo  energy  transfer 

fresi  larger  to  ssaillor  eddies  is  giron  by: 

£  6"  c0(?(rO  02’2o) 
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Postulating  that  this  snsrgy  is  not  constant  in  tho  oeoan 
as  in  tho  inortial  subranco«  hot  ineroasos  with  ^  »  bo  obtalnod 

g  and  CO,  . 

Br  Introduoint  tho  ^f^ntnn  volooitrs 

Wp  -  ~  r'**  '  (U'ii) 

whoro  o(  s  (/-/&)/3  •  walno  sf|C(^^boconos 


K  ('to^cr)  - 


-  CT  (  ^ 


y^F(u>o 


frm  dinonsional  basis.  Lot  tt>«  imrorso  fnurior  trans- 

form  of  P’(uy^,  Thsn^t^^*  consldorod  as  «  retardation  function,, 

becomes^i'J  in  case  of  no  rotardation, correspciidin*  to  ptc4>')~l 
Schonfold  consldorod  tho  diffusion  of  an  instantaneous, 
point  source,  which  can  bo  oxprosssd  bjr  S  f2t)S(8)S<t^and  its 
Tourior  transform  is  «*  this  point  sourco^ha 

derived  tho  distribution^ for  the  case  of  no  retardation 
p.  Q^y  t  or  of  a  forn  of  ^  hj  •  whoro 

H(tO  !■  Hoavisido's  unit  funotion.  Alternatively,  ho  dotenelned 
for  tho  normal  dletribution  of  or  for  tho 

eolutions  obtoinod  from  Joseph  and  8ondner*s  equation  and  frooi 
fiokian  equation.  By  coeqparinc  thoorotical  distributions  wildx 
observed  data  used  in  Jeseidi  and  S>,i>..>dner*o  study,  he  concludad 


that  tbs  ocoanic  diffusion  is  boat  fitted  by  tho  curvo  with 
sesM  retardation  and  with  c/  »  0  «  The  value  c/~  ^  correc-* 

ponds  to  ^  ~  O  which  Indicates  the  constant  dissipation  ensrcr 
as  postulated  by  Koluosorov  for  tbo  inertial  subrange. 
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Qoldst«iii  (1951)  cvnsralls^d  tbd  tbaory  of  diffusion  dovo* 
tlBT  Tiqr&or  (19^1)  hf  tnlrtng  into  ocoount  a  tondonoy  of  ran* 
dan  unlka  to  poralst  in  tha  a«M  dirootion.  Oonsidor  oii*> 
dlMnaional.  nwdon  naUw  Mrs  norfoniod  tagr  *  disorota  stop 

AX  in  z-diraotion  at  an  finata  intaarvai  b  •  Lot  and 

Li  Cx  ^  i; )  bo  ttio  probobi&itgr  that  tho  position  X  is  oeoupiod 
at  tine  *{;*  tgr  a  rlfbtinrd  or  a  laftward^novlnc  partioloy  ras» 
paotisoly*  If  ^fai)ia  tiM  probability  that  tho  partioX# 

novas  into  unctiannod  or  ravarsad  diroctions  from  tho  proviona 
stop,  it  la  saan  tliatt 

Oa'a-s-A) 

Sxpandinc  tha  loft  hand  aidoSy  dividing  byAi:  and  taking  tba 
linlt  Ai'^o  »  wa  taavas 

I-Vpll  (ia-a4a; 

It  (laa+o 

vhara 

v-p  « 

Ai'^* 

and 

( ti  Zs-b^ 
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in  i'p  is  a  e^xraotaristle  o  f  a  flight  of  tho  par* 

Tbo  prolmbllitf  P(yt'i)  that  tho  partiolo  is  found  at 

a  paint  X  at  tiaa  ^  la  piann  fept 


Oaiiic(l2d|i|)aad()2*ft0>wo  haant 

-  irU 

in  whiah  tho  diffusivitir  K 


Vj?'  St*" 

la  daflnad  by; 


K  *  p 


(19-27) 

(12-^S) 


■obla  (1^1)  obtainad  tha  aolutlan  of  bho  tvo-diBMmalonal, 
olroular  aynmatrical  foni  of  aquation  By  oanq>arins  tbo 

ahansa  with  tino  of  diaamtara  of  dyo  patohos  rolaaaod  In  a  lalca 
with  this  nolutlan  and  tlia  solution  of  losaph  and  8«ndnar*s 
aquation  (|!^?)^lia  eanoludad  that  tha  lattar  solution  fits  tha 
data  bottar  than  tha  forawr  for  tha  diffusion  with  a  tiua 


soala  lass  than  a  faw  hours. 


Bourrat  (19d0)  consraliaad  tha  Ooldstoin*s  aquation 
into  an  intacro-difforantdlal  aquation  involving  tho  Yar>«»eit]r 
auto^oorralations  of  tha  diffusa to  particlos.  Robarts  <I96la) 
ganoralisad  Bottrrat*s  aquation  furthar. 


Dafininc  tha  riqhtvard  diffusinc  flux  by: 

=  vp  -  L  (la'a?) 


wa  saa  thati 


^  -P  -  -  g- J-  -  ILX 


at  ■ 

On  intagratinc  aquation(f2-3o^Tar  all  x  and  intacratiinc  tha 
rasultant  with  t  «  wa  bawat 

=  A  fxfcf-au-pt/^p)  n^^o 

tfhara  is  constant. 
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If  th«  partlel*  i«  m><i— d  t»  Bev*  to  tbo  right  at  t*  ~  ^  > 
thM  A-^  •  tiM  daflnitiaa  ot'T  yialds  tha  Lagranglan  autoaor* 


ralatlan  oif  iraloaitjr 

M  (t) 


M(t> 


J**  V  dx 


( ia.-3Mk) 


thm  aalBtiaii  af  tk»  iaitial  oondition  y(y,d^»0 

ean  ba  writtaa  in  -tta  famt 

M  (t-tO  j?  tOdt^  0i'3i3 

Stthatituting  thia  iiito(Hb30^  tevai 

~  Prx.todt'  fi2-3+) 

Tha  thraa  diaMnaional  tmm  mt  this  aqpMtion  iac 

%T  *  Tmc,  PUi,tOdt' 

Bavffrat  paat«itatad  that  thia  aquation  la  valid  for  ganaral 
aarralatiau  tvmcttoms 

no  -  (/a-36) 

although  ba  darirad  it  only  for  a  apacial  fora  of  M(Oeivan  by 
aquation  (15  3^b3. 

Whan  thaaa  hava  Laplaoa  transforna  axprosalbla  as  a 

ratio  of  polynaaialSt  tha  proposad  ralation05’35')oan  ba  axpraasad 
in  diffarantial  fonM.  lot  5th4)ba  tha  Laplaoa 

*i^»uaf'oJnBs  of  B  and  »  raspactiraly,  lilca 


Tr(x*,  x5  <r)  e'^Wt  ((2.3r) 

ate* 


Tha  Laplaoa  transforai  of  aquation(l3!^baoeaass 

^Tr{x;,/i3  -  P(Xi,o-)  -  oa-3s) 

vhara  la  tha  Initial  valua  of  p{Xx,0  - 
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■Miftltt  «IM  to  «rit%«n  in  tto  fwmt 

/i  q>C*)  TTt’t*,.*) 

ifplrtWf  ^  gtototo  tipto—  ttotofw  to  thin  tototoca* 

^)P(x.',«]t?^)?fcv^.c, 

in  wIiAnti  tto  arguMnt  of  (^  and 

ohonld  to  roptaeod  oitli  tto  opovntor  •  An  inpulso  point 

souroo  at  tto  osipin  oaa  to  odproooai  br  P  (xi^d) 
tonrrot  aaoo  oovorni  OMito^UM  for  H  i ‘la  ^  ^ 
riaklan  diffttflion»  '  Mc^  (t )«  ^  »  thoro  Sc^  lotto 

Kronooleor  doltG.  and  (i )  Jljt  *  f  •>  Ooldatoin 

o««tttion,  m  Ti#  exlpf-  itl  v//k)  .  CJSL‘40 


Tor  Tronklol'o  oorrolatlons  (Tronkiol,  1953 )s 

"i?  tyf{- Itl/su)  c»«corffc) 

'yf- fi*  C/+A*^)  Cl.l-4ab3 

(l+x*/S>»  t  (UJ^,X^'y*■  (ia-42c) 

for  tto  turtniloneo .  doooritod  bgr  Kanaan  and  nowarth  (1938)  • 

€X|3(-pitO  C/943d) 

N»a  (t)  =  Ml*  Ct)»  vf  i^lto  (l2-4ibS> 

M  i  i  (t)  *o  ( 

^  _  oi<43d) 

'fiaU)  «  '^S%  ^ 

PU)  »  (-41-3:)^ 

Bourrot  also  prerod  that*  If  satlsflod  (lSt*3-&^ 

«  Aj/ct- t')  Mifctt' )dt'  (/2-4+) 


ohloh  Is  a  conorailsatlon  cf  tto  rolation  obtaxnod  bjr  Taylor  (192  )<> 


-132- 


(19<1«),  far  •  wm  parXf  la  analjrala,  canaraliaad 
aq«iatiaiia0S^«aiCttO4l)i«ta  Mm  farat 

f  v,||  •  -fCJ)  (ia-45«) 

^  -  VpHf  •  S(^y  oa+sb) 

in  ahieh ia  a  linaar  AaMtianal*  TtMn  (i2>j0^ia  raplaaa4  bgrt 

^  +  9  V,  ^(T)-  -Vj-a|-  (I2-46> 

Ba  paatttlaXad  tha  fMMtiaaal  of  tha  fam 

i  ^  dt'  t-t')nx',t')  (iw) 

Than  tha  aolntian  I  mm  ha  writtan 

if  .  ^  f*(Lt'rax'(a(*- 

9  i  hX*  Jo 

aharo  Q  ia  Ma  hraan*a  fnaohion  far  {  Thia  Ihnottan 

aatiaf iaa • 

and  aanlahaa  far  4*  ^  *  On  aultiplTine  0514'^  !X^aad 

tntasratlnc  arar  all  X  t  va  hnm  tha  aq^^jution  for  '3^  Miioh 


yialda  t 


M  (t)  =  dx  Cii-tt) 

-i-u» 

inc  with  (12*4^.  Tha  thraa  diaanalonal  facrai  of (i2:4dbaeaaMa 


ahara  tha  intatration  arar  tm  orar  all  spaoa.  This  aquation 
is  ainilar  to  aqtiation  (I3^34>]^  in  pradletinc  *  Qaussian  form  fir 
pCx,t)yrttlx  tha  oarraat  rarianea  as  f-  ,  Howarar, 

aquation(j|2!l0  dataminas  d  P^tr  in  tarns  of  a  waightad  araraga 
of  P  not  only  osar  prarious  tinas  as  aquations (12*34)^ but  also 
osar  naiglihoring  positions. 


Roharts  <  1961a.)  also  disoussad  tha  tao-partiola  analysis /. 
hr  diridad  tha  probability  partiolas 

should  lia  in  tha  intarrals  )  and  ('Xx, 


raspMtiir^ly’,  iiit»  foor  parts  t  tbs  probaMlitias  that  bothMra 
%•  tba  right  aad  to  th#  laft  fad  thoaa  that  aaoh  aaraa  in  tha 
appaait#  tfiraatlaaa*  Ibaa  ‘.a  ftfsd  fawr  dlffaraatiai  aqaationa 
far  aaah  prahabiitty  aiaiiar  ta  apvitaaas  ((5>5^  PreeaaiUip  in 
tha  aaaa  way  aa  far  tha  aaai  ^artiala  aaalyaia  and  takiap 
ba  dataraiaad  M(fc>aad  darioad  tha  apaation  for  • 

laharta  (ifdth)  latraiaaad  aa  afpraxiaatient  0^* 
aaaardim  ta  Kraiahaan't  paatalat  an  <1959)*  far  tha  laatrapia 
aaoa«  ba  ohtaiaad  tha  appraaiaata  aelatian  of  aquatloa(IJ^0  far 
abart  tiM  ^  f ar  larpa  tinaa  ^  Vo  * 

idiara  Li*  aacroaoab  of  tvrbulaacta  and  Vo  ia  r*n*a«  af  turbii* 
iaat  raiaei-ty.  Ria  analyaia  indicataa  that  tha  probability  dia- 
tribatian  raaapblaa  that  far  claaaical  diffuaioot  bat  oith  a 
oariabla  diffuaivity  whiab  ia  prapariionai  ta  for  aaatl 

tiaM  and  ohiah  appraaohaa  J^J/a  Inx'C*  iinoa.  Tha  prababiiity 
dictribntian  baa  a  sharp  trmt  with  tha  finita  prapagatiao  apaad 
unlika  tha  alaaaianl  diffbaian* 

Alaoy  ba  para  an  analytical  basis  for  tha  bafaarier  of  too 
partialaa*  far  tha  aapamtion  nuah  snallar  than  Lj  • 
tha  ralntira  notion  is  poramad  noatly  by  tha  addiaa  vhoaa  lanpth 
aanla  la  of  tba  anna  ordar  of  •  Ibarafora  in  a  flair  of  tha 
hiidi  haynalds  iiinihar«  tha  diffuaian  dapands  on  tho  apootmn  of 
tha  torbwianoa  in  tha  inartial  asbranpat  but  not  on  that  of 
oaargyocontaininp  oddias*  Tha  aaiphbar  diffbairlty  N 
intraduaad  by  Richardson  (1926)  ia  datarninad  analytically*  On 
aaaunlnp  that^fA^'vt^^il/^lL^as  raaults  fron  Kraichnan*s  approxination 
(1939),  ona  finds  that  {\l(n.)  iT©  L  (^/L)^  and  that,  in 
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Bov«v«r«  tbM* 


-  L‘  Cv.  t 

«r«  drived  on  tlio  b&oic  OM^MCiMtloa,  in  ^tdh  th»  onorcf  *** 
eootnintnc  oddioi  do  pUqr  •  port  in  tbo  mlntioo  dlffiMiion. 

Xf  thin  offnot  ia  axolndnd,  tibm  K#Uwgaroo»a  apaetmaa  ^  (iO'^ 

N  f/i)  ^  ^  *a  th# 

orlflnnl  pcNtnlntion  of  Ritihnrdaan  (Iftd)*  Also  wo  havo 
7^  /V,  /L.  )*•  tlii»  indinntoo  that  thomi^dkor 

diffuaiwitjr  f\l  (n.)  and  tbm  dlaporalon  /t* 

aro  Tory  sonaitlTO  to  tho  apoctnaa  adT  tarbalonco*  Roborfts'' 
analyaia  tl^dSlb),  thorofaro^  haa  praaantod  a  ayb^thotic  troat- 
aMnt  of  atodbaatlo  nodola  and  npoetral  (or  hydrodr<wttL<^)  aMMlola 
wbioh  will  bo  diacuaaod  in  tho  nant  ahaptor. 
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13»  %^o4rMUBlc  approfttiii  to  terbalont  diffusion. 

Beksrt  (19M))di80ussod  tiM  proeoss  of  alKlnc  of  orom  and 
•effoo,  hr  oiMdlfyins  tbs  proeoss  in  throe  stogoss  first,  sharp 
cradisntt  am  fswud  at  tbs  laiarfiiisa  bstwoon  mOc  ani  ooffeo, 
ssoond,  the  area  of  Intorfheoa  inrrossss  and  sstssos  of  oroan  and 
ooffoo  are  distorted  hy  sairrlng,  and  finally^  the  intorfaoos 
disappsnr  by  aolocular  diffhsinn.  Mis  idea  is  ossontially  ths 
sasM  as  thoao  of  Obukhov,  Tsai  on.  and  evhovs  idto  applied  Kolno«> 
goror*s  inertial  subranco  in  turbuJonco  to  diffusion  of  passive 
qiiantitias* 

Bekart  started  fron  ths  sqnatioa  of  transport  of  substanos 
by  aotion  of  ineoaprossiblo  fluid  t 

^  =11  + 031) 

/3X,  =0  (13'®) 


wboro  X  amlooular  diffusivity,  and  ropsatod  indices  are 

Intsrprstsd  as  sonnationu  Applylna  operator  V 
eqnationO  d'l)  and  sailtiplying  '^0  vlth  the  resultant,  vs 
havoc 


i  ^  (ve)*  =  )(^.  (-^  v^e) 

^  a:?^-  dxj 


(13’3) 


Zntsgratlng  this  equation  over  a  certain  voXurne  >  wo  havoc 

=  ^5  CV0--g|')Jff'-)(X*-S'  03'4) 
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In  iMch  thn  int«erAtion  in  taknn  ovnr  tbe  nurfnen  of  tho  oel< 
nnd  nnfflT  ot  Indioaton  tho  nonpowniikn  of  tho  vootor  Vd 
to  *IM  nurfoeo*  Tbo  atirfnoo  intofml  ean  bo  nocioetod 
to  tbo  TOluno  intocrolas  ^  ^  and  ^ 


Gf'  =  0 (ve)*  dv 
s  '  W  -IT 


( 

( i3-5rt) 
C  I3»50 


Q  la  tho  r.a«a*  of  sradiontn,  X  Is  a  taoaauro  of  ibhoaMfonoity 
of  tho  aubatanoo  and  ^  is  a  noaauro  of  activitloa  of  stirrlnfo 
Tho  oquation(i^^)  Indloatoa  that  tho  aolocular  diffusivitf  alwajra 
dooroasoB  tho  avoracod  cradionta  of  concontration.  Hourdvar,  S 
w»f  bo  positiiro  or  nocatloo, 

Botart  disonssod  an  oxaiqilo,  in  vhlcb  y  -m.  U  y 

and  intlal  aaluo  of  0  ia  0  -  *•  S  ^  -f-  C  , 

Tho  aolutlon  of  transport  aquation  with  is  givon  bjrs 

^0/9^  «  (du/d'i') 

whioh  Indloatoa  that  tho  ^  inoroasoa  with 

a  tlBM  for  largo  tiaos*  Thoroforo,  this  oxaaplo  shows  that  tho 
S»tom  la  nogatlTO,  and  that  tho  ahoad.  ng  incroasod  gradionta  of 
oonoontratlon* 

Obukhov  (19b9)  and  Taglon  (1949)  troatod  tho  pasaivo  quantitloa 
in  tbo  nano  way  as  struoturo  of  turbulonco.  Inatoad  of 
daflnod  by(i3dll}y  thoy  conaidorod  a  moaauro  of  anhomogonolty  in  tho 
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▼•loa*  y*  defined  bft 

t)  (e^<<v  ;  ©''©-S' 

la  «lii«li  th»  bar  iadleataa  abatiatiaal  avarac#  aad  tba  prlaad 
qaanbitiaa  ara  dariatiaM  flrda  tha  aaaratad  aaiiKM* 

•dbatraatioa  af  tba  a«aatlaa  far  0  firaa  ataatlaii(IS*t)  piaidat 

i- y* if 4' 

"ii 

03*0 

diHM  tba  aaailtiaa  af  i  anaapraaalblitty  la  uaad*  Vban  tbia 
a^aabiaa  ia  iatagratad  aaar  tba  aataaa  «  tba  aaeaad  tarn 
fdiaargaaajdl  aaa  ba  traaafaraad  tata  ata^faca  iatagral,  abiah  ia 
aaall  aaaparad  ta  tba  aalaaia  ftagral.  laclacting  tba  surfaea 
iatagrai  aa  bafara,  «a  baaat 

Vaapait  V  "  «  -KC^^Va^c/)  »  •«»•*'•  K 
ia  iba  a#br  diffbairitp*  «a  bam 

>42  =  5  C  K  C9^'/9XiT  -  ^ 

Tbia  iadiaataa  that  tba  taarbaiaiit  adsiog  inoraaaas  and  ■eiaeiilar 
diffuaian  daaraaaaa  tba  inbatgawai^ «  Tba  spaotrua  of  iidioai 
agaaaitiaa  (0'  aaa  ba  darlaad  by  baoriatic  traataiant, 

Lat  aa  aigpaaa  that  tba  daviatian  ia  craatad  by  ttia  a-th 

ardar  rataaity  flaetuatiaaa  (ar  addiaa)  with  langth  acala  aad 
aitb  aharaatariatie  yaloaitiaa  W  *  >5iuation  (}3')}indiaataa 
that  tba  rata  of  iacraaaa  of  iwbaaoganalttaa  duo  to  thaaa  addiaa 
ia  aipatl  to  V>)|  (d-n  )*’  /J^yt  y  i>f .  aaiacular  diffuaion  la 
naglaotad,  Tba  aara  nuabar  rang#  in'  which  molacular  diffuaion 
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&•  MKllCiM#  !•  cmUm6  rndmuig*''  fegr  (1939)  • 

Vhan  tlw  •oiwfctin  nAraiitt  «oiiieitf«0  inartlal  w*n» 

r«ag*t  la  tlM  vicoaos  tfiaslpation  Is  imiavortaatv  «m  &»- 

iMMcsasttiSB  insrsMsd  fer  ^s  »»th  sr4«r  sddiss  par  unit  tias 
ara  tnuMifarrad  to  saallar  oddias  of  tb0  irfl  th  ardar»  Tha 
siMloia'lOMi  9t  iTfar  oMioo  iato  aasilar  anas  ara  praseribad 
bp  9bm  golaogsroff*s  thssnr  ffoo  Ohtpiar  10) »  Finalljr*  tba 
iOhsaacaiiaitf  ^bas  traiiofarrad  to  tha  saallast  addlas  (tha  a-th 
srdar)  is  dissipatad  bp  ■iiaaalor  dlffbsian.  Xf  «a  put 
X,"  Iha  tMMMfar  praeaas  af  tha 

iahsMpanaitiaa  is  sapaaaaad  Ip  ralatloast 

oi*n) 

Oa  tha  athar  haad,  KaIaaparoa*s  thaarp  (Ohaptar  10)  plalda  in  tha 

laartial  sabmapa  bha  apaa<^vuh  mt  t 

'I/m  'v  ('»•'*) 

in  idiiah  ^  is  tha  rata  af  dlssipatianif  turbulanaa  aaarcpo 

sabatitation  af  this  spaotran  into  aquation  fll*/(}lrasults  in  2 

This  spaatrun  is  ralid  uodar  tha  asauaption  of  tha  coinoidonea 
af  tha  ioartial  and  cawractiaw  subranca  dafinad  bjri 

Ohara  Lo  is  tha  laugth  saala  af  anarcp-oantaininc  addiaa*  ^ 
ttsa  af  tha  ralatianst 

~  V/Um  VVw  ;  4/mi 

tha  lanpth  soala  of  tha  sautllaat  atfdias  ia  divan  taps 


-139- 


A 


ricoreos  tiMorf  oan  hm  OMMtruot*d  on  tho  Imoia  of 


tlMi  nbooo  oonsldotntion*  Zn  tho  oonrootion  suHmnc*#  An  oliioh 

ft,  -  9  tho  dlfforoneo  e(Z)  -  e  (If,)  eon 

bo  oono&dorod  n  Atatlotloilr  lootaoipio.  Tho  strootnro  fbnetion 

DeClST-IKO®  I6(ii;'>-  e(t.)Y  (|5  '0 

on  £  wailj,  Dtaonotonnl 

oomidontlon  looAo  tot 

De  ft-)  -  «6*  ^  (a->T) 

ohoro  Otp  io  o  naooriool  oonotont*  ror/t^j^iH^ 

Tboroforo,  LfC)  ^  ,  Hoaro  dotoxXod  oonsldoration 


(/I )  «  4  ^  (/3W8) 

Tho  voltto  of  j2->H  ^  dofinod  as  tho  point  of  intorsoetion 

of  tho  two  forwuioo^'iT)  ond^^a  A*o» 

<»  =  (a/Ob*  )<’  /£)*■  Cl3-I9b) 

Thona  Abo  function  Op  ( bo  oscpressod  in  the  f orw  , 

D«  (1)  -  fi"  ir^'M  =  W*  CMaA) 

( i3>ao3 

tho  throo  dihonsional  opootral  density  of  tho  struoturo 
«i«i  X>,(t)  is  dofinod  ast  ^ 

D.  W  C’~  (i3-aia) 

Tho  isotropic  condition  for  U  &(  ft  )  loads  to: 

Dp  8k  f| 63^14) 

n  bo  obtain  od  a  gfonaral  theory  of 
V3 


Tho  function  $  ^  ( 4l) 
lourior  intopralo  for 


,  wo  h&VB 

(l3*Ai.*a3 

Tho  onoiiidiaionoiowal  spectral  dansity  "y^  is  piTon  hfi 

^  -  (t7r^r'(i7e  /44)  03-23  ) 


Thorafora,  wa  have' 

4'^^=  (i3-zs-b) 

Tvo  fonBuIas(l3'^)  ’Sib) express  the  ttiroe^and  onewd3.uan8ional 

apaotral  density'  of  (Q')^  in  tho  comroc^xoR  subrange,  raspeeto 
Ivalyo 

In  the  ranga  of  v&vo  number  larger  than  • 

^  q(Ji)^b  axpaetad  ■  docreaso  moro  rapitl’i  than  ^ 

bacausa^for and  thus  slono  of  Da  f'O  with  .it- 
axis  la  more  atoap  in  this  range  than  in  the  convaction  rangOo 
The  aiopla  apactra?.  density^ 

=r  O 


ia  found  to  yield  the  structure  function  wrich  is  proportional 
to  fZ*'  for  !l_  «  'fi  'ni  by  substituting  into 

the  integral  of  eqtts'i'ion  bXCoaipariocr;  of  this  xRtograi  with 
the  axpraaaion(lj^)  fox*  De^i)  xvon  v;ho  relation  botwoon 
and  jfm  t 

S-Sr  (13  >2  Sr) 


Tho  upper  linz-it  Lo  of  the  convocvio:;  range  can  bo  cieis*'- 
Diinod  frocB  the  average  distribution,,  In  he  ranco  /I  j tp 
the  structure  f\»nc';icn  D^  ^’’ .)  "S  Eost;^’'  -•  on-irim'.ooti  by  ««ld:i.i£is 
of  the  aixa  ,  f.o  oxplainod  nbevo,,  ■  htn  /J  exceeds  /Lo  ,? 

contributions  from  t’.o  difffl?i  oncG  of  .9  at  tne  <u  stereo  a 
baciKj'oa  prodon!.»';3nt;  over  fre-n  eddies,. 


Therefore,  the  upper  iitait 


at  which  thaae  tve  centribut;- ors  are  oqu; 

=  |v  "o  i 


e 


can  ba  'I  j  fined  js  jho  d;- s'brr  nco 
i'hus 

V  !  ?  -,2 


-  l4l- 


i'hus 


Umi  «•  hmrmt  3 

L.  -  tCe 

=  ta?  (ij  ay) 

whioli  <isn  b«  d»f»la»d  If  if  Mrt<y  th*  arttraca  diatrlMit&an 
af  9  • 

Tba  abova  diaeuasion  la  risoratialy  valid  only  ahan  tha 
aamvantional  aubrans^o  (  si  x-t)  oolnoldaa 

wltli  tlia  iaartial  at^ransa  (LiT^ Tbla  la 
tha  aaaa  aliaB  y  ona-dlmanalonal  apaetrua 

P  (kj  ar  (6'3^  ( Inhaaioganaily )  and  H  (^)  «*“  (U'/  (tnrbulant 

aalaai«r)  ciaan  byt 

r  Hi:)  ^  X  S"^ ■k~^  05-5.?4) 

and 

H  ^ 

raapaetlvaly* 

Vhan  oonvaction  sabransa  la  uora  oxtanalva  than 

tha  inartial  aid>ranco*  Xn  tha  part  of  tha  oomraotian  aubranca 
bayand  ttaa  inartial  aubranca  apaelflod  by: 

cev-3)^«-4  (i3-29j> 

tha  arfact  of  vlaoolaty  bacooiaa  iaq[>ortant  and  noithar  tha  valooilgr 
apaotnaa  tha  apaotruai  la  valldo  Tba  analyala 

adT  Batahalar  (1$59)  ahaaa  that: 

al»«:a  Y"  ^  0^^  CS  y'O^  which  i  a  an 

aaaraga  valua  of  tba  loaat  principal  zatc  of  atralno  Slnoa 

I  'll  •  X  T"'  I  <5^  I  w  hava: 

r  X  (Yi)“»  (i3'50 
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TIm  rapwntatl—  9t  Ut  fftvM 

im  fi««  13  a, 

VtMn  V  4k  K.  9  ttm  797  b«ciwi  %e  Aili  aff 

Mr*  rapldlj  tlian  -ft  "  for  wmrm  n— tiir  lar^or  tten  (S  )('*) 
•viMB  to  ttw  offoot  o  f  tho  Molealar  dlfftaoimi*  Tho  oatljroto 
of  Botoholor  uid  enters  <  \999)  »liwo  thot  p  (^  ) 

On  tko  otter  tend*  for  tte  roloeity  opoctrura  tho  rolotlon  Qky^JhC^ 
io  ohIAd  in  tte  ootiro  tiiorttel  odteMSo  os  iaiMoted  ta  l&t*  13  b. 
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Difftmiloa  tiMory  It  flmAtiLnir. 

TIm  sarbiMt  of  dlop— il  of  *  pollutant  In  wotor  is  on  !»• 
port— t  oppUootion  of  tho  tflffboion  thoory  and  boro  a  problon 
of  tidal  fliMitfnf  lo  dioouMod.  Tboro  aro  aovoral  notbodo  in 
dotomininf  tbo  rato  of  fXtMblnf  at  various  typoo  of  ootoarioo 
and  barboro  (Olino  and  riobor,  1959)* 

OlaooicMil  tidal  prion  nothod  io  oui  tr.blo  to  a  onall  ostonry 
in  ohiob  tbo  tidoo  baro  ttm  nnifoni  phasa»  Tbo  tidal  prion  ia 
dofinod  ao  tbo  difforonoo  botuoon  tbo  Tolunoo  of  wator  at 
onan  biipkt  ido  and  onan  lor  tido*  Tbo  basic  asstonptions  of  tbo 
thoory  arot  (I)  dnrii^p  oaob  tidal  ^elo  tbo  tidal  prion  Is 
roplaood  by  a  nor  oopplJ  ot  vator  obiob  nixos  oonplotoly  and 
nnifomlyiith  tbs  watsr  prosnt  in  tbs  ostuary  at  lor  tidoo* 

(£)  tbo  TOlMBO  of  uator  SMrod  ooaward  dnriny  tbo  obb  tido  is  not 
rstnrnod  on  tbs  followlnf  flood  tldoe 

Lot  P  and  ’y  bo  tbo  tidal  prion  voluno  and  lov  tido  voluno 
of  tbo  ostuary*  If  CT  is  tbs  sallnil^  of  tho  oooao  and  R  is 
a  volnns  of  ftaob  wator  disclHuryed  darlny  ono  tidal  eyclo*  tbo 
total  roltaso  P'tR.  oontains  tbo  salinity  c5'P  *  Tboroforo* 
tbo  salinity  of  tbo  ostnaty  is  Pc'  P't  R  )  i  •»  tbo 

stoadly  stato* 

Kotobosi  <1951)  and  Steonwl  (1952)  sueyostod  a  nodifloatinn 
of  Hbm  tidal  prion  nstbod  by  diridinc  an  ostuary  into  a  nnoibor 
of  oopintits*  on  tbo  proand  that  tho  original  nothod  oror  ooti- 
natoo  tbo  flusbinc  booauso  of  tho  assunption  that  nixing 
is  oonplots  ovor  tbo  onttro  eotuary  during  oaoh  tidal  eyelo* 
Pinno  Stonnol*s  troaiawnt  is  nors  gonoral  in  naturs*  his  ' 

.lU4. 


MmumIm)  i«  r^rlMKOd  hmrn, 

Hm  •stuarjr  is  dl-vidsd  into  a  twmbor  of  ssgK*"^***  In 
of  nliiclk  Bixinc  is  oosplots  at  tiM  lii#i  tids*  Ths  low  tido 
voltsM  and  tidal  pei$im  of  oa«h  oapsoat  are  donotod  bgr  "Vti  and?^ 
ronpoetivolrff  innomoot  or  soro  sogBont  is  doflnod  as  tibo 
om  idioro  Lot  -fn  9>t  *»• 

tlw  poroontaga  eoncontration  of  tbo  fro^h  ’.vatoi.'  (froohnoss)  in 
tho  n  th  sognont  at  tho  hi|^  and  low  tido,  rospootivolyo  Iff 
tiM  dofinitiOB  of  tho  aoro  sogmnt,  -9  o  -  \  > 

Lot  XTyx  ^  soaward  voluao  flux  across  a  landward 
hoHolavp  into  tho  n  th  sogpaont  during  tho  obh  tido*  Thon 

ITvt  -  27  Px  d^'O 

x*o 

Thon  tho  ooaward  flux  during  obb  or  flood  tide  of  volume  and 
firooh  wator  flua  across  landward  and  seaward  boundaries  of  tho 

n  th  oogMtnt  is  as  follows  s 


landward  boundary  Seaward  boundary 

ToIusm  flux  Trosh  Flux  Folumo  Flux  Fresh  flux 

“*«  TH-  TC  U-,  '  ■  -DW'/  xr„„ 

n«o4>  -(TC,-R)  -m-R);,'  -(r&rR) 

Whore  the  freshness  of  the  water  flowing  in  the  flood  tide  and  in 

f  C  ^  '* 

tiM  ebb  tide  is  and  -j  ,  respectively  <,  Because  of  the 
asOMsptien  that  mixing  is  complete  at  hi^  txdo,  fr)  » 

The  flux  of  frosh  water  voltmie  which  passes  across  the  land* 
ward  amd  seaward  boundaries  during  each  tidal  cycle  is  equal  to 
the  river  dlsohargo  R  in  tiio  sasM  poriodo  This  condition  of 


tioo  of  fresh  wator  voIubm  yields 

tJifv,-,  -  (Tr«-P)3;  =R. 


(i4-2a) 
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"UViti  "f  fi  *"  CX^ri  ""  R  ^  (14*2  b) 

mt  fh»  lAodNMurd  aims  sMAwArd  iNvoiArir,  rAspActiirAlf’* 

IlM  total  lYosh  MAtar  aaImm  at  high  and  loo  tido  la 
Aoi  Vit^n  9  r«apoctii9Al|r«  %  AOWAAroAtion  of  ftaah  iiAt«r« 

Itm  diAuico  in  f»oAh  vator  TtUam  if  lag  tbm  Abb  ir^t 

JtiV'n  "  fw  f-Pl't’TTi )  »  fii-i  *“  UhTi  f/  rH*s<l) 

aad  duriat  flood  ia* 

JnCPo-fTM)  -  fHVx  *  -  Ctt.-R)}„'  +  rtrH-R)?U 

aboro  aiAl  aro  in  ganoral  diffaront  aad  ogual.  aitlr 

aban  aisiaib  la  oaoplota  oo  low  tlda« 

A  AMabar  of  difforoot  raaults  way  bo  obtalnad  dopondiog 
apt  tho  aatoro  of  tha  ■ftAiag  procaaa  iavolvado  Nodal  Ic  SA 
■Axiot  oeoaira  at  lov  tido  aa  tbat  tba  watar  flowing  aoroaa  aadb 
boaadarjr  oo  tba  flood  la  awchaogod.  Than  »  fv) . 

Siibatitiitiaa  of  thia  into  agaat ion 042(1) yields  f )^  «*  (  •  Modal  St 

mslag  la  oeaplata  at  law  ttda  and  tha  sogaonta  are  so  larga  tbat 
in  the  lladt  ^>1  ~  ^  sognant  yyyj  is  in  the 

•••••»  ^  •  ***Ba,  frooi  equation  (l^ 

TT-m  ^  R  j  f tM- 1  -  (cr»i -rR  )  ■Tm-i  etc.  04*4} 

Modal  3  s  If  all  the  water  that  noros  on  tho  flood  is  oeaan  water 
la  the  fom  of  a  wodgo,  then  g,»' -  O  and  "0;,+ 1  *?>,  - 
Model  4i  Miring  is  oonploto  at  lav  tide  as  wall  aa  at  high  tldoa 

lUaMnatiag  and  fOaa()42)and04d))  wo  hawo  a  raourranoo 
faenalai 

'Ovi  +  R}  *”(T!ra“R}(P‘a+V>i  “  ■  RCT-y;  (  I4T} 

Kattfsan's  aathod  is  assantially  to  define  each  seipBent  by 

.ltd- 


m  oondltlM  iik«« 


iflPMiac  %•  tlM  l«ir  titfa  toIwm 

Tk'  ^Px+Vk-TTn+VS  04.-6) 

0 

■•  aXso  apaeifiad  tha  ■iainp  i>raaaaa  fegr  paatulatinp  tkat  tha 
tatal  ft*adli  watar  voIvbm  at  iiiipk  tida  is  siaan  tgrc 

5^>\  CP**!  "t" Vv*  ^  ■  B  //Ly\  (14  73 

aiMPa  la  Hia  atoliaata  vatia  dafinad  Igrt 

rtn  -  p«  /  Vk)  n+'O 

TUsas  dlfUsratit  wadals  aaa  la  liiaatratad  hr  a  siapla 
tlTpathatloal  aaaapla,  ia  alilcili  fknr  as^onta  ara  datandiaad 
lip  aaa  «r  Katcbaai*#  aathadg  For  aacb  aagnanty  tha  salnaa  af  f 
ara  datianatHad  fraa  Katetaas'a  aathod^  and  froa  ModaX  3  aad  4« 
■adal  X  yiaXda  m  )  ^  Qn4  Modal  2  oannat  ba  appliad  to  tha 

praaaat  aata^a*  Tha  raauXta  ara  tahuXatad  in  ttia  fallowing 


1 

2 

0 

(Katahwa)  I 
(Modal  31  1 
(Nodal  4)  1 


1  2 
2  2 


3  5 

1  3 

3^/2  1/2 

1/5 

107/133  8/13 


This  tabla  ahowa  that  dlffarant  faypothasas  ropardins  tha 


■IxlniK  prooaaa  raavlt  in  quita  dlffarant  salinilgr  diatrlhutiono 
Ih&a  la  partly  dua  to  tha  oonditlon  that  the  division  of  the 
aaipMats  Iqr  Katahaa's  dafinition  is  not  rigorously  aiq;>lioabla 
4a  aodal  1  to  4.  Aabicuity  on  tha  aL^zinp  procass  iS  iribarltant 
4a  SMh  dlsoralaaadals  and  wa  can  avoid  suoh  anbicuity  ttirsinli 
4*aahnant  of  diffasian  as  a  prooaaa  in  contlnaaus  aadia. 
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mm  MM  ^  mkaum  i«Mliu 

ft— i4«r  Ml  mtmmw  mt  miUmm  «Mth  ^  »  MpM  H  M 
Im^tM  L  •  Hm  •rictii  M  MiaMa  Aft  Mtam  at  Mm  ri—r  la- 
fiftv*  At  Mm  aaftnard  aad  X«1j  »  saliallgr  S  A*  aftloMlftfti 
ftt  Mfttt  of  thft  ftft—  •  TIm  mm  valftoitr  «  ftT  aatar  la 
Mm  ftfttMWT  Aft  ftftftMMft  tft  feft  ftftft  tft  Mm  riaar  tiaM—  aai 
Mm  U  » 

Tm  aa  aataaiy  Mm#*  laagMi  la  aaall  eoaparaft  to  a  qpartar 
tidal  laafMi,  tba  tida  la  waAfora  avftr  tba  antira  aattiaxy  and 
Ita  mama  Aa  civaa  hy  Cft^  CotT  •  Tha  tidal 

oiarraot  IT  datanMaad  ttmm  tba  aqaatian  of  oaatiaai^  Aa 


aatMWT  Aft 


XT-  TTo  5*  T'  «>  tr  s  »  fo  «oC^H) 
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■orlaaatal  dlaplaoMwnt  af  partiolaa  ia  obtalnad  tf  intauratiag 
"XT  aitb  tbaai 

f  ^  IF*  Coo  «ot  ;  -  -  So'^/h 

Xft  aoalagr  wltb  tba  alaiad  langtb  tba  try,  tba  harlaaotal 


dlffMlTltr  A  dLa  oaasidarad  aa  •prapartiaaal  ta  XTo  > 

*  A  =  ^  ®  04  «|) 

•  B  ic  a  nen-dlMaaianal  oanataot. 

Tba  diffftaioa  aquation  for  aallnitjr  s  in  a  ataaftf  atata 

mmt  3  M  S^»x)/»X  C  K- 1  •■) 
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S  er'  ,  (*4  >r»0 


A  ( «  ^/4-) 


F-  UH*  ( lb B 'S.'*’ L  u>>'^  C»4  I43 

«rO^)«i«b  Mw  Iwiatr  oofidlti«Mi(/ti^is  MtpM 

S/^.  4x|»fF(l-  (I4l») 


AllAnttsh  o>«<r^rt  BallnllT  teta  for  Alboml  Xnlot» 

Tanoovvir  blMid  and  tiM  RMPltaa  Kiv«r,  Nov  Jorooy  eon  bo 
fitted  br  thoorotleol  oiwoo  of noind  oiMtoblo  fluohlnc 
moitorot  taho  onooriiMd.  volnoo  of  B  dlffor  bgr  on  order  of  no*- 
•itMdo  for  ttao  two  oosoe« 

StoMooi  (lf5S)  dotonoinod  A  for  the  Sovcam  Bstiiorjr  ond 

fBo  Boriton  Rlwor  taboB  oqiiotioaQ4>*i%)with  obsorvod  dota  of  5 

ood  ^  •  Bo  found  ttaot  tbo  nixing  length  cotinotod  fron  the 

wolneo  of  A  io  nore  nearly  the  ordei*  of  the  depth  than  ttiot  of 

the  tidal  exenroieno  Thie  ie  reaeonoblo,  oinco  the  ootnol 

■»**«*g  dering  one  tidal  cycle  ooeurii  in  the  fora  of  Tortiool 

■irint  of  the  upper  freeh  water  oa£  lower  ealine  wotero 

Wotinow  and  Norgoa  (1953»  1955r  dieouosed  a  model  wfal<di 

■ii^  be  called  ”s«ni»oentinaous''  nodel.  The  aatuory  io  oseuned 

to  oonoiot  of  upper  ood  lower  layers  In  their  simple  nndoly 

the  lower  layer  io  at  raot  ond  ooeh  3oyer  hos  rertioolly  uni> 

form  aolinity*  There  la  no  horioontsl  mixings  Mixing  of  the 

two  loyera  oooura  only  ot  low  tide  and  high  tido»  Therefore, 

during  flood  tide  ond  ebb  tide  the  ui*per  water  mores  without 
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in  it«  Mlinltf  (Sm  } 

I  ■fia.  •"*  Sh^*)  »  ^  *!>•  •f  i«i«r 

Mid  MppT  l«ar«r  Mid  mllML^  dt  m  •MtlMi  x  afdar  MUidt  at 
Mdh  tida  and  lav  tida,  laipaatiaaiir*  Tka  aaani|ga  tidal 
aaraiaalla  awvaalalsalp  a«aat  ta  t»  >>«  ^ 

la  tlia  tidal  aM^ituda*  At  lav  tida  Jaat  kafora  vlaiact  tha 
aatar  in  tlM  t^par  layar  at  a  aaetlaa  x  oaaa  Araa  »»jt  mad  ttea 
liaa  a  aalialtY  C  2  ~  »  aMla  aaliai^  af  tlia  aatar 

la  ttaa  Xaaar  Uqrax  «t  «  tm  (X)  .  IkmfMM.  tk*  e«iiMn- 

aitgr  af  aalt  at  laa  tida  adaiac  yialda 

Sh  fx)  +«*  Sh  (J-S)  *  («.■•  tl4l<$ 

aad  at  liii^  tida  adxinB 

■fi.  Si.a)i- 

Tha  laadaard  salt  traaapart  dariac  tha  flaad  tida  aad  tha 
aaaaard  salt  taadspart  darias  ^  «*h  tida  ara  apprasiaatalY 

St  -  «.  ?  S’i  (xt  i-S)  ( (4'I7«J 

raapaatiaaly*  Thavafovay  tha  not  landward  aalt  traaapart  darim 
a  ttdal  agrola  aarosa  a  saotian  af  ^  is 

©•^isrsjxtf)- S„(x-4)]  (14- lO 

Iphtlaas  (ff  dd  aad^l6i>)oan  ba  vrittan 

fi,  ( >•»  f  *) 4  <i,  Sh  cx  -  i  S)  =  (i+rtd) 
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$ 


r— ptPtlT>ly»  teTPt 

<a-  t  ( «ts) -  ^  (^-  i»J 


•tMlMPlar  €eH$9^9$¥i(in»l^t 

^  ^**^*'^ 


firpB  (  )  •<  (  It  «•  tevpt 

iP  too  n»t  iacrMso  of  salt 


CI4-223 


SlM*  it  is  as 


a  tidal  cyalat  tliis  aat  i^pstriSM  salt  flux  mat  aqual  tlia 
aalt  fins  das  to  tho  rivsr  diawlnifips  ^  ,  so 


(14-23) 


This  sqpnt&ss  iMesBBS  tbs  sms  as  Aroa*  ^  sad  Stsnssl^s  squ- 

atton  (14.12):  if  no  tshst 

B  -  « ,  MO"* 

This  dorisation  is  intsrosting  in  a  ssnso  that  tlw  basie 
sshsavtisn  of  oesurroaoo  of  Tortioal  sAslny  mrily  leads  to  tiM 
sot  horisontal  tsaasport  sisdlas*  to  the  one  duo  to  eddy 
diffusitity.  Mastsw  and  Nercan  (1953t  1955)  also  treated  coneral 
oases  with  noro  riserons  anilieaatiest  bot  the  results  obtained 
srs  essentially  the  sasio  as  diseussed  aborvoo 

Sorrostein  (I9d0)  treated  the  non-steady  diffusion  prooess 
in  an  eatnary0  Bo  divided  the  estuary  into  a  nunbor  of  secnents 
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Mk«h  «f  dlffttslMi  mpmttan  in  dirfnrsnt  fonw  i« 

appXindo  Tbm  alMing»  •ooMntMitiMii  durinc  on*  tidnl 
Mpr«000d  l^jr  n  antrin  nh«M  nti^MMate  mrm  dlMiate  drt— *g 
fawtlggp  far  Mm  diffiMU«i  **  nppiind  thin  ■•Miii 

W  Mm  inrMMha  Ynddnn  Snn* 

Xnhiarn  (tffijr)  dinn— nnd  n  ntnttiMiry  tyo  diannnionnl  dinn 
tvUwtiMi  od  nalinlty  in  a  rintn— nlnr  nstuarr*  t9r  nnininc  Mm 
diffhnion  nauntinn  with  ndinnii—  taran  dan  to  irrotatiMMl  anl* 
nnition  in  Mm  fnra  «r  doohio  fonrior  aorien.  lOyaMki  (1951} 
diaoannod  a  nolation  in  infioito  norion  of  non-atnady  hori*- 
aaatal  difftaaian  oqaatian  with  advoetiTO  eurronto  <dMniCina 
pariodioally  nith  tioa.  Xchiya  (19526)  soltrad  tfaa  noi»-ataady 
didfnaion  aquatiaa  with  vortical  aiacina  tarn  and  pariodically 
ahaaalad  advoctian  tarn  in  a  fiaito  foxoio  He  ooaiparod  Mm 
aolntiana  wiMk  tha  data  ad  flnotnatiaos  of  tapparatura  aad 
naiiattqr  doa  to  tidal  aorranta* 

Xafaiya  ( 19504^  alao  traatad  tha  non->8  toady  dlffuaioo  precaaa 

aXaat  Mm  loop  aaia  of  am  aatuaay  by  solving  tha  aqoation 

sg*  >  3  (i4-a4) 

in  nhiah  oonaidarinp  tha  condition  of  an  estuary  idMra 

aaanafa  loinrltiidinal  canpooanta  of  tidal  eurrenta  is  proper* 
tiaaal  ta  atrinc  to  tha  variable  cross  sactionsc  Ha  oo»- 

parad  tha  solutian  of  aq«MtioR(f^’if^vlth  the  annual  variation  of 
nator  taMli*^* turns  in  an  ostnary  ‘Xo  Japanoso  ooast^  and  oonolndad 
that  ostinato  valuaa  of  ara  oonMarablo  with  those  dtaniaad 
fraa  ehaarvod  data  af  Uo  f  o 
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Xttix*  mMI  eth«r»  U9I(L)  *  solvtion  of  tb*  longi* 

HrtiH  iUMmimt  t/mAAm  vith  m  tJnmotiMn  tmm  ooMistiac 


wpluatlwi  of  oblivity  filMsio  te  tao  ootooxioo  on  tko  norMrn 


flalf  eoMit*  Vmfmml  dtooooood  tbo  tidol  alzlnc  in  a  ehamial  eonnoot- 
inc  two  ■ono(1957)*  aoatoMd  tint  tho  two  wator  waocoo  of  oa^ 
aoa  witk  oallnitjr  S]^  and  otart  to  mx  at  xwO  at  tbo  tlno 
t)^,aayiat  tbm  m^innlac  of  tho  flood.  Ibon  tba  salinity  diatrl* 
bwtlan  alone  tbo  s>dirootion,lonc  axis  of  tbo  cbannol,  will  bo 
CiTon  bf  a  aolution  of  tbo  ono  dinanalonal  dlffiuion  aquation i 

S' •  i  (SjTSa.)  ^fS,-SO  er^  r 

wtooro  is  tho  eoordinato  of  tho  initial  boundary  of  tho  tsp 

wator  Bassos  and  is  sxprossod  by  ^  hori- 

sontal  diffusivity.  Ho  dotonsinod  A  fitting  tbo  curvo  (14125) 
to  tiM  obsorvsd  arorago  salinity  along  cbannols  and  obtainod  tbs 
rolation  «  O.  fS  ic  fs  yWhoro  Cu  ond  oz'o  tb>  avorago 
oolooity  of  tidal  currants  and  tidal  oxcusionyrespoctivsly .  Ho 
soOBOd  to  assuBO  that  tho  snxing  is  coaplotod  during  a  half  tidal 
oyclo, although  his  analysis  did  not  show  it  explicltljf’. 


9tg.  14.  Sebosntio  diagraa  showing  notion  of  wator  duo  to  tidos 
dad  nixing. (Maxisran  and  Morgan,  1953) 

(Z)  High  tido  after  nixing  (IZZ)  low  tido  after  nixing 
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t5«  *nirbul«ae«  •fi4  t  trongpTtttion* 

It  alrMidy  TWtpiiiirt  MMt  ■»ti— wt  m&rmHmt  !• 
ttily  •••••ittit  vtHi  ttrtaatM*.  AitlMugb  in  nnrllnr  tnjm 
■Miir  .nttnapts  vnr*  tn  ^ktnlnp  ninpin  fonMlns  of  snilflMit 
tNMpnrtntiofi  trcm  nnods  of  nntinnnrlnt  prebloasf  sueh 
otj— ti^n  ant  mtli  littln  ottoeoss*  boenuso  bosio  phonoMno 
iMvnftvndt  pnrt&Milnrly  Ip  tuHwiimnt  •b*’*  Mt  fully  undnrntood 


ttn— t  pmgr— a  in  stiidloo  of  nodiuont  transport  Mobanlaas 
vuru  sauaarisnd  by  Kallnsko  (19^3)  nnd  Tanonl  (1953)*  Caroful 
obsarrations  of  sodlanNit  transport  by  aorlnt  fluid  indleato 
Unit  thorn  aro  tbroo  distinct  proeossost  surfaoo  oroop,  saltation 
and  ousponsion*  Vbon  tho  viocKgr  of  tho  fluid  osooods  a  cortaln 
Unit*  individual  frains  bopin  to  roll  or  slids  intonnittontly 
in  isolatod  spots  of  tho  bod.  As  tbo  vblooity  ineroasasi  sono 
•tnins  aro  slightly  lifted  off  tbo  bod  and  oxoouto  saltations 
as  tboy  aro  carriod  downstroan.  As  tho  vAociiy  incroasos 
farthor»  tho  saltations  incroaso  in  Isnffth  and  hoight  and  sono 
of  tho  grains  aro  caught  by  oddios  and  aro  suspondod  in  tho 
ourront.9  Purthor  incroaso  of  velocity  causes  sweb  sodinonts 
in  suaponsion  and  also  tho  notorial  amvos  in  randon  patterns  of 
billofving  stroahs  of  clouds. 

Tbo  eondition  at  vhleh  sodinonts  just  start  to  novo  is 
not  osAy  intorosting  fron  hydrodynanics*  but  also  of  practical 
iaportanco.  Vhito  (1940)  dorivod  tbo  critical  fluid  shear 
stress  *7^  for  startiny  sodinont  novonont  by  considering  tho 
bolsnoo  botvoon  tho  dreg  of  tho  fluid  on  particles  and  tho 
gvnvity  force.  Tbo  dreg  io^^yon  by  T'o 


wlileh  ^  is  th«  fluid  sh«ar  strass  at  tho  bad,  is  tha  diaMatar 
af  tlM  Inraln  and  ^  is  a  packing  coaffieiont  such  that 
is  tha  avaraga  had  araa  occupiod  by  each  grain,  Tha  gravity 
fprca  is  iCPji-  wtoera  jjs  ara  tha  dansitias 

of  tha  sadinant  and  fluid  raspoctivoly.  Taking  menants  about 
tiM  paint  af  support,  va  gat: 

Tt  =  /3  3  ^  ® 

ahah  Q  is  tha  anglo  of  roposa  of  grains^  White  adalysad  data 
of  his  axpariaonts  and  found  that  'Xc  t:>ubstancially  docraasas 
idian  tho  flov  around  tho  grains  is  turbulonto  Ha  usad  d/S"  * 
paranatar  raprosanting  tha  intensity  of  turbulonca,  wharo 

S'-  //•  i  y / OL^t  and  -  Shialds  (1936) 


axprassad  tha  rosults  of  his  azpariments  in  a  fora: 
in  «bioh  ^  is  a  univnrsnl  func^:ion  and  —  R<i 


(isa) 


Raynolds  nunharo  Ho  found  that  tho  funs  tion  has  e  nininun  of 
0*035  iu  tha  naigbborhood  of  Rcl  ^10  and  it  approaebas 
asynptotically  to  0.06  for  largor  values  of  Kurihara 

(19^8)  appliad  tha  statistical  thaory  of  turbulence  to  axp'uining 
VlUta  .and  Shialds*  sani-anpirical  foraulasn 

Tha  bad-load  transport  bagins  whan  tho  shearing  stress  at 


tha  had  aacaads  its  critical  value  *7'o  tho  rata  of 
transport  incroasas  vith  tha  stress  'Xo  ”  Tharaforo,  DuBoys 
(1879)  already  derived  tha  axprassion  for  in  toras  of 
artd  as: 

Qs  =  BTiC'To-  Tc)  (IS‘5^ 
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in  «lilA  0  10  a  ooaffioiant.  Niny  aximrinants  hmrm  bnan  mm§m 
tn  4nt0ffainn  B  ***  mriMM  fnnmlaa  ttnui  obtain^n 

iniinat*  nniy  nnr  m  iMin  ■Mhaaiaa  mt  b0tf*lna4 

■inabain  U9^t)  inbmtfnnni  tto  ftbaa  that  tba  cralna  aara 
in  atnpa  nr  «bM  Mm  innnl  l&ft  •■eaada  Mia  craaityo  Iba 

pmbability  that  a  train  an  MM  baM  bafina  ta  noaa  aurint  a 
nnit  tina  intatanl  ia  aapraaaai  in  ana  najrai  aa  a  fnnetian  af 
tranapart  rata  ,  dinanaian  and  vai^t  af  tba  partlola  and 
aattlinc  iMaaity  aa  a  fbnatian  af  tba  ratio  of  frarity 

faraa  an  tba  grain  ta  tba  abaaribg  atraas  of  tba  fluid  7^ 
tbaraforat  taa  aon«diaanaional  parabotara  darlrad  froai  quantltiaa 
aanaibavad  in  aadb  aapraaaion  af  tba  prababillty  nigbt  baro  a 
fbnatianal  ralatian*  Vbaaa  parabotara  9^  and  ^  nan  ba  axpraaaad 
W 

Q*  W  *  i»f-'  c/f'4) 


4  ••  fitk-m/r*  or-s) 


in  abiab  ia  a  non-dinanaianal  aipraaaion  af  tba  aattling 
aalaaity  and  ia  giran  byi  ^ 

'lUff  - 

df.ii.ti) 


15<- 


w  4Mp  (-•!►»♦/  Sr) 

<«rt  Mm  Aite  ••  ^  V'AMrdimtas 

Ml  for  MMllMT  t  iAi  larfor 


•Ml  traiMport  rotOf  «M«ii  mpa 


•liMr  larc«  Als-  . 
VBllMS  of  0trMI« 

Mf  of  aotinl 


OartwriAiit  tl9S9)  oppiioA  BiMitoin's  foroula  forQ^  to 
dFMM&ot  of  foraotioo  of  —iX-moo—  hr  tidal  ourrMita.  Ho 
oaprosoodQ^ao  •  fmotion  of  flXd  ooldoity  at  tlio  bodo  With 
ah  aaaohptioa  that  tho  variationa  of  tho  fluid  voloeltjr  aro 
anffielontiy  alow  for  Mm  aahd  tranaport  to  adjust  itaolf  to 
Mm  flhtd  thtooltyf  tho  aand  orodod  por  aooond  froai  •»  portion  of  tho 
bod  duo  to  tbo  eurzont  (/(j^  baaohoa 

dhoro  CttK)  it  a  parturbation  of  tho  baaio 

ahwtaat  eauaod  by  a  shall  irrogularity  of  tho  bod 

$  =  i)  4'** 

Ihia  rats  of  oroalon  is  aaaal  to  ')S^K  and  thus  tho 

aaat  aaaatioa  of  oantiaoity  la  dorirod  05*0 

Tho  riacous  boundary  layor  thaory  of  fluid  notion  aaar  tho 


r  tho 


bad  yiolda  tha  aquation  of 


C[C4f^)»£o<  ♦  tf  J^(i) 

uhora  ^  and  |5  aro  raal  oooffioioots  dopondinq  on  tho  baaio 

ourront  TJ(Z^  •  If  Mi«  baaio  oUrroot  la  tidal,  its  dlrootion 

•ad  apoad  ohooft  with  tino,  hut  tho  tranaport  bocouoa 
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proBinsnt  only  near  maxinum  obb  and  flood*  The  amplitude 
spectrum  of  ^  can  be  determined  from  equation  0  5*ll^as  a  function 
of  TJ  t  and  other  quantities  related  to  the  perturbation 

reloelty* 

Kalinske  (19^7)  assumed  that  the  transport  rato  is 

proportional  to  the  average  speed  of  grains  ,  times  the 

average  volumes  o^  a  grain  the  average  number 

of  tho  grains  per  unit  area  which 

depends  on  the  clcsenoss  of  packing  of  the  grains*  Thus 

Q,  *  ?  ^  •!*>*  /'?<!•)■'  " 

The  value  of  ^  can  bo  ovaluatod  by  averaging  the  instantaneous 
9 

valooity  of  a  grain 

-4  c  ^c)  ayu) 

whore  II  and  respectivoly  instontanouus  velocity  of  the 

fluid  and  the  critical  fluid  velocity  that  will  start  motion  of 
the  grain  and  is  a  numez'ical  constarito  Tho  frequency  distri¬ 
bution,  of  is  assumed  to  be  given  by  tho  normal  error  law: 

F"  C  =■ 

Mdieye.  »  (*^*  tt.  and  tt  in  tho  mean  velocity*  Tho 

mean  value  of  will  be 

in  which  ~  ( t4  -  CC  )  . 

Since  (X.  end  U  c  QZ'b  proportional  to  and 

respectively,  the  eciuation  (l5<^'it  )  can  bo  expressed  in  s  form 

=■  f  ('K/-rc)  (iris) 

He  determined  the  furc  tion  ^  for  an  argument  only 

from  experimental  data  and  assuming  that  the  includes  the 
effects  of  turbulont  fluctuation|^0Q^  implicitly* 


Tli«  susp<indod«load  «|uation  ourrontly  us«d  for  dotoraininc 
eonoontration  C  in  opan  cliaiMial  is  darivod  froa  tha  rieklaa 
diffusion  oquatioa.  Xn  a  staady  stata,  tftls  aquntion  is 
arittaa  ast  /  .  v  ' 

c  14^  *  -  /Ak.)  (is’-ii) 

in  wliicb  t^is  tlia  sattlinc  valocity  of  a  paxtiola  and  is 
tba  aartical  addy  diffusiaity  for  tha  suspanditi  aatarial*  Tha 
aislail  lan^th  thaory  is  appliad  to  this  problaiu  Tho  shaaring 
•trass^aalocity  distribution  and  addy  viseosit/  of  tha  flow  in 
tba  Aaanali  raspaetiaaly  ara  gkvmn  byt 

't  ^  't,  (i-  z/e.)  (iF-n) 


J.K/4X,  - 

7  »  A,«»  x,(i-  X./1)  ( is--n) 


idiara  is  tba  depth  and  X-  0  at  tba  bod.  If  it  is  assuued 
that  s  ^  ,  tba  intogration  oi  aquation  (15.  i6) 


with  Z  yields 

= /f-  •  ( 1-] 


dS'^o) 


ahara  (X,  is  a  rafarenca  level  aboao  tha  bad  at  which  tha  concan*> 
tration  Cal  i**  known.  Tha  Ct  was  dataruinad  in  torus  of 
sattlinc  velocity  and  frequency  distributions  of  vertical  tur~ 
kulant  velocity  by  Lana  and  Kalinska  (1939)$  intacrating  again 
hba  probability  distribution  of  tha  vortical  turbulent  velocity 
that  is  greater  than  settling  uiocity. 

■unarous  laboratory  and  field  uaasurauants  ware  made  to  test 
tha  validity  of  aquation  These  data  indicate  that  tha 


of  q(  oorlos  froM  1*0  to  1*5#  Indioatinc  that  t«n4* 

to  %o  lorfor  tlMn  Bruob  (I96t)  aodo  loborotory  ospori- 

■mto  for  tho  porposo  of  tootint  tbo  olailority  botwoon  aoMtitw 
troipprt  ond  oodiwont  tronoport,  by  Moovriny  roloeity  ond 
eonoontrotion  dlOtnbution  in  a  ooko  of  a  i-inch  suhmryod 
oortfteai  Jot;  olidOli  «as  diroetod  into  a  laryo  oylindrical  tank. 

Bo  found  tiMt  tiM  roloo  of  ^  is  0.15,  0*50  and  1*00  for  portioio 
sioo  of  0.55,  0.)t  and  0.19 mm#  roopoctivoly,  on  tbo  contrary 
to  otiMr  orporlnonts  nado  in  ono-dinonslonol  shoor  stroan* 

Barios  ( 195B)  discosaod  Idio  suspopsion  of  sodlnonts  in  a 
turbnlant  fluid  oainc  statistical  tbaory  of  diffusiono  Zn  ono 
dinonoional  diffusion*  t  ^  is  dofinod 

as  tiM  transition  probability  tbat  a  particlo  locatad  at  ^  at 
tina  will  fo  to  X  at  tino  i-f  •  This  function  nnat 

aatiofy  tiM  oondltioast 

X  J  At  fjt  >  fiS'il) 

Ths-*  -I  {.\5-3x) 

-•0 


Than  Snoluchovski*8  classical  diffusion  tboovy  is  oxprossod  by 
tbo  intafral  aquation 

fl  (X, 

Tha  otbor  transition  probability  ^  O  tbat  a 

particlo  looatod  pt  at  tino  t  cans  fron  X  at  tino  i'  4^** 

TUf  fbnetion  4  satisfied  tbo  sano  conditions  (fldj  and  454^0 


1<0« 


Cj  e«n  b*  dofln«d  slnilarly  to  (IS^S^),  If 

•xptnsions: 

(iS'i4) 

•  *  I 


•r«  Mibstitutodf  oquation  <i^  can  ba  vritton  as: 


J  (ir-z7J 


Pi>*i 

Tb«  aiailar  axpassions  arm  obtainad  for  tha  aquations  ralatad 


to 


$ 


If  tha  intagral  aquation  for  ^  [  c;J(ac^t-Mt)+C6rjt^tjis 
aubatitutad  by  aapansions  (  and  (IS‘2S)  and  by  thosa  ralatad 

to  ^  t  tha  diffarantial  aquation  bocoass: 


wliorat 


For  a  Brovqlnan  notion s  a  particlo  novas  in  junps  or  dis- 
continuously  but  if  tha  limTb'V^^sts  as  A^*^0>  tha  physical 
procass  is  called  "diffusion” o  Xti  tha  fluid  motion «  tha  particle 
■ova  continuously  with  a  spaed  than  altar  its 

dlraction  instantanaouslyo  But  if  tha  linit  2^3^^^xists  as 
^  ^  O  ,  tha  procass  ij  called  "diffusion  by  continuous 

■ovcMMit”  and  is  applicable  to  the  diffusion  by  turbulanoa« 
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Tha  second  moment  is  mean  square  velocity  • 

With  the  condition  that  Lagrangian  deriiativoE  of  and 

are  zeroy  it  is  shevn  that  the  term  i”  /^e(v.di) 

of  equation  is  equal  to: 

-  Ct  =  -  T±-  fiir-so) 


<U‘>  t  J  X 

where  t^is  the  velocity  correlation  function*  'The  coefficient 

of  ^  is  the  nsicroscale  of  turbulence. 

The  equation  {i5*2?)  now  becomes  sireilar  to  Goldstein’s 


equation  (1931 )  which  was  discussed  in  Chapter  12  . 

Davies,  also  derived  iiie  transport  equation  for  suspended 


particles  from  onoryy  considorrition.  Tho  kinotic  onergy  of  tho 
sand  particles  are  oqual  to  whf?r&  l/q 


is  the  particle  velocity.  The  particle  pressure  is  twice  this 
kinetic  energy.  'Hsus,  the  equation  of  tuot.ion  of  an  aggreftai/on 


of  the  particles  in  vertical  direction  becomes: 

4  <’^,‘>]  +  C  li^)  -  (ts-^o 

where  the  second  term  represents  the  grave t^tiona'i  fcrco  on  tho 
particles* 

In  a  steady  sea  to,  the  exchange  of  onorgy  botwocn  the  Jlu.'.d 
and  particles  xoachcs  equilibriuia  and  tho  time  avovage 


of  both  systems  bocorijss  equal  to  each  other  ; 


The  acceleration  on  n  parviclo  due  to  flu^ri  viscosity  .  o 
proportional  to  the  kinematic  viscosity  ,  ;j.mes  -a  voioci  y 
difference  between  oho  fluid  and  pvticlu^  Tho  averaif.®  velocity 
difference  is  expressed  in  terms  of  T('^  )  by 

(CttV)i  -  <'^33) 


~i62- 


The  equation  of  motion  becomes 

[  (T/f)*  C3  fTfl/s*)-*- 

in  wlilch  is  a  dimensionless  oenstent  depending  on  the  shape 
of  particles  and  density  differences  between  the  fluid  and 
particles* 

The  influence  of  tho  finite  volume  of  the  particles  can  be 
incorporated  into  the  equation  (  IS**  taking  analogy  with  the 

fan^der  Vaals*  equation  of  statet 

py=  kt(/-w3''  -f  cif-is:) 

where  V  ts  the  volume  of  the  vessel «  is  four  times  volume  of 

the  molecules «  is  the  kinetic  energy  of  the  molecules  and  pT 
is  a  term  due  to  the  attractive  intermol ocular  forces.  In  the 
present  problem^  ^  ’  since  'p'’  is  takon  as 

a  unit  volume.  The  function  p*  is  considered  as  equal  to  the 
gradient  of  the  viscosity  term  derived  before «  and  the  pressure 
for  the  sandsofluid  system  becomes: 

i  ■  ^  * '“'AWoJ 

Thus*  the  equation modified  into: 

v*^.t  (T/f:)tc3+ 

In  a  non-8 tat ionary  condition  the  classical  Ficklan  equation 
of  sedimentation  is: 
in  which  is  the  settling  velocity.  The  generalised  two 
dimensional  diffusion  equation  which  is  based  on  the  equation  (iS*^) 
and  ((^1 )  becomes  t 

*  a  C<'*>  ^ 

<  W*>  J 

.163> 


05--3» 


Is  ths  mnmrgy  tsnsor  or  strsss  tsnsor  of  ths  particles.  This 
aquation  is  a  parabolic  partial  difforontial  aquation.  If  tha 
third  and  hiqbar  order  deriratires  are  ne((lactad  it  bacouas 
hyparbolie'.  This  naans  that  a  source  of  partiolos  raloasod  at 
tha  arifin  has  an  affect  on  the  entire  turbulent  field  imnedi- 
ataly*  but  the  naln  part  mores  like  a  ware  with  decaylniT  tail 
follawlnq  the  ware  front. 

The  theory  of  hoary  particle  diffusion jn  the  liqht  of 
statistical  theory  of  turbulent  was  discussed  by  Yudina  (1959) 
and  Smith  (1959)  in  their  study  of  diffusion  of  particles 
suspended  in  the  atmosphere.  Their  arquments  included  neither 
boundaries  nor  shear  flows  unlike  ^e  problem  of  sediment  dlf-> 
flusion.  Rowerer,  some  of  their  results  may  be  useful  for 
further  study  in  the  sedimentation  process. 

Yudine  considered  the  velocity  correlation  function  between 
rertioal  relocitles  of  a  falling  particle  at  time  t  and  4. 
vr  (  t,  Z) 

This  equation  is  basod  on  four  as8Uiq>tionst  (1)  tho  time 
elapsed  from  the  beginning  of  tho  process  satisfies  the  condition 
i  5>  VU  /% 

so  that  the  effect  of  inertia  may  be  neglected,  (2)  there  is  no 

difference  between  the  velocity  fluctuations  of  the  medium  and 

those  of  falling  particle,  (3)  the  particle  at  %  at  time  *t  mill 

be  found  at  r  t  khere  ^  is  the  integrated 

hh 

distance  due  to  fluctuations  of  velocity^  and  is  the  settling 

velocity,  (4)  that  tbs  fluid  tutbulonce  is  homogeneous. 
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In  til*  inertial  subranir*  of  loooliy  isotropic  turbulonesi 
tho  forai  of  for  •**  known,  i.o. 

whoro  P  is  tbs  dissipation  of  onornj  ^  A  is  a  nusMrieal  factor 
of  ordor  unity,  and 

B  C  0  j  S)  ^  1^1  ^  ClS^'4a.3 

Whoro ^  is  anothor  nunsrioal  factor  of  order  unity.  In  these 
equations  and  ^^re  the  time  «d  space  structure 

function,  respectirely. 

For  heavy  particles,  d)  or  B(a^S^is  assumed  to 

bo  Boro  beyond  the  limit  of  or  151  ,  for  which  relation  (IS‘*4/  ) 
or  (IS*4i2)  vanishes.  Iriroducing  new  vaxiables 

p*  CL  3  ^  B(?  ( l>S‘*43) 

tho  function  ^  can  be  expressed  as  a  function 

of  and  ^  •  ftio  lower  limit  and  upper  limit 

function  for  Cf>«  ,  satisfying  relations  (  i^'4l  ) 

and  (  I  $-4^  ),  are  given  by: 


and 


=B.  C'-  H'l-  tO 


Za  (fi%)  ^  Bo  C|~lpO 
-  1^0 


iflv  ^  / 

f<v  05i44j 

^  »H;pi  tv  1^1^)  05‘-4f) 


respectively,  d>r  the  domain 
eoeffieient  ^  is  determined  by: 


n  'XAcA 


and 


The  diffusion 

( iS-H^ 


•nd  substitution  of  and  into  yialds  ths 

lowsr  and  uppsr  Halt  of  ^  as 


«^p 


( IS>Af0) 


and 


<(;A4PH  yM>/ 

A> 

TV  Is  tho  solution  of  tbo  cubic  equation 
'f  Tf!  ^-/  5=0 

and  tbs  paraaatar ^  has  tha  Talus 

Or*4Pi>3 

‘lbs  diffsrsnes  in  raluss  of  and  is  ssro  at 
rsasli  naxinun  at  yif*/  •nd  asain  almost  nsgllglbls  for  ^  - 

Smith  (1959)  trsatsd  ths  aprsad  of  particlss  falling  with  a 
suffioisntly  largs  ssttlihg  Yslooity  so  that  ths  sddy  sti'uctura 
rsmsins  ssnsibly  unchangsd  while  it  affects  the  cluster.  This 
condition  is  satisfied  whan  ths  Kulsrian  tims->scals  for  ths 
falling»elustsr/|^y/^t/;^  is  much  bigger  than  the  Lagrangian  time 
scale  iu  C  where  is  ths  length-scale  of  the 

cluster  and  ^  la  a  measure  of  the  energy-containing  eddies* 

‘The  Telocity  spectrum  of  particles  whose  distribution  is 
Oaussian  with  standard  dcTiation  (equiTslent  to  cluster  sise) 

!■  deriTsdy  by  considering  the  dcTlations  of  the  particle  Telocity 
from  the  aTcrage  in  the  cluster  Let  Ut  (S)  be 

the  Telocity  in  the  i-th  direction  at  a  point  ^  from  the  center 
/it  oi  the  clustery  ^(^^be  the  probability  distribution  of  particles 
in  "1^  •  Then  tbo  STerage  Telocity  in  T- 


(IS’’***') 


and  the  dariations  from  tils  ararada 

W;  '  ( fft)»  Uc  (ftt')  -  <“.■  Cri» 

Tha  aaaraffa  of  ^  for  all  raallaations  bacomesi 

Tmr  s  -4—  r  f  p  ( 


At*® 


•  r?*t)  E  (’IS-'S-I) 


Subatitutlfid  (15-4^)  and  (fS‘S‘^)  Into  (IS'SI  )  yiolds 


uT-  ^  wS  £(?>  '‘Cl  (?-  ?5;?  -if  cis.i^ 

'  ^  r ^v/A)  e  -  Oi-ss) 


,  ^  (/40')  A' 


Tha  aacond  ralation  is  obtainad  fro*  tha  assuaq>tion  of  a  Gaussian 
dkiatar  in  isotropic  turbulanca. 

Tha  axprassion  of  in  toms  of  tho  onorgy  donsityE^^ls): 

Ru 

is  subatitutad  in  rasulting 


a  u{^  =  i 


u>-  J^F/fe)  f/- e ■'’**)4f=iL 


whara,  'E:^(4l')^  E‘^4?)  •  ^'ho  factor 

is  a  naasuro  of  tba  rasponsaof  a  cluster  to  the  energy  in  wave 

nuabar  ,  Tha  function  nodifled  speotrun 

and  tba  aalua  of  at  which  E^‘^3  maximun 

is  a  naasura  of  tba  langth-soala  of  turbulanca  as  axparianoad 

by  tba  clustar. 

In  ordar  to  datamine  tha  cluster  else  O'  *  the  saparation 
of  two  partiolaSf  say  rth  and  stb  particlas*  ^  »  (^Ji} 
is  axpraasad  in  tarns  of  tbair  raspaotira  ralocitias  UJ^^(  andlUd' 


iK 

AJt 


Conbining  this  with  an  intagratad  form  with  t;  ,  we  baaa 
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«b«r«  thm  r«pMt«<l  IndM  aMiis  suMMtlon  ormr  /  .  The  value  of 
!•  so  Isr^o  that  «orrolatlons  of  Tolooltios  of  particlos  in 
tho  ssao  clttstor  but  at  dlffarant  tinas  booonio  oqulvalont  to 
tlMsa  of  aiooltias  of  partlelaa  in  tuo  idontieal  olustors  at 
tba  samo  Instant.  Thoraforoi 

vlMra  ^  is  a  vortieal  raotor  of  aagnitude  (  "i  "X). 

Taking  avoraca  of  (  oaar  all  realisations  and  oval^ 

uatlng  tho  volooity  oorrolationsy  wa  hava: 

in  ohioh  tha  bar  orar  oaans  avmtmging  all  pairs 

of  partielas.  Tha  Gaussian  cSstribution  of  partiolas  yialds  tha 

avaraga  of  tha  saparation  $  by 

^  sr  ^  O' ^ 

far  tha  spaoifio  fora  of  oorralatlon  functions 

Ru  0)0  )  ^  6“^^  (IS*^  0 

aquation  ( oan  ba  exprossad  in  a  fora 

A  crV«U  «  5^  ^  <5-  If  6^  f 

Tba  spraading  of  tha  olustor  sisa  ^  has  throe  different  stages* 

p  1^2.  j 

for  Tory  smll  timast  (3r(f>)-h  "J" 

for  intaraediate  tines,  5- *r  fV!^*  0"^  HtJ 

ahara  H  •»  N  f  ‘•Wi  is  a  function  inerdasing  fron  0  tc  0*85  ca* 

as  tha  argunant  inoreasas  froa  0  to  5.  For  large  times  satisfying 

VKti  >  ^Jl  »  ^  ^  ^  t 

ahiab  Is  similar  to  tha  relation  darired  from  the  Tiokisn 
diffusion. 

Both  Yudins* s  and  Smith*s  approaches  will  become  a  starting 
point  for  treating  sediment  diffusion  in  tha  light  of  statistical 
and  spaotrum  thaary  of  turbuljnea,  although  modification  is 


n00mB$ULry  hy  taking  into  aooount  tba  of  foots  of  bo  t  too  aikl  tho 
tiirbulonoo  atrueturo  in  tba  obaar  flow. 

Hunt  <195*^)  dlsoussad  tba  4ynaaics  of  the  systaai  of  nlxtura 
of  water  and  sadlaients.  Iba  flux  vector  of  sediaent  and  watar 
was  dafined  raspactivaiy  by  It  ^ 

and  *  ^(f-  ,  where  tbe  suffices  ^ 

and  V"  refer  to  tbe  quantities  related  to  sediment  and  water, 
retpactively*  l^he  equation  of  tbe  rate  of  obande  of  sediment 
eoneentratlon  is  respectively  £iven  by: 

In  tbe  case  of  steady  uniform  flow  where  the  concentration 
varies  only  in  tbe  vertical  direction  X  >  only  tho  terms  of 
vertical  advection  and  diffusion  remains.  Tho  vertical  velocity 
of  the  sediments  t^ris  equal  to  *  where  ^  is  tbe 

settling  velocity.  Blimination  of  and  between  (15*^44) 

and  itS»6^)  yields 

Where  there  are  more  than  one  component  in  the  material 
in  suspension,  the  flux  vector  for  oacb  component  is  defined 

the  continuity  condition 

becomes  *>7.  {  ^  ^ 

for  the  steady  uniform  flow,  tbe  equation  for  concentration  of  each 
ocwponMit  baowu  ^0” 

C=  5“  Cfc 

The  mixing  lan^tb  theory  vitb  Barman's  similarity  bypotbeds 


yi«ld£i  th«  velocity  distt'ibltion  in  an  open  channel  of  the  depth£: 

J)i  ‘  ■  1  I  ( +  6:^  j„  f  I- 

h-  to 

and  the  shearing  9tre»a 

-r,  ( ;  r^^pfk^  (li'-iiM) 

where  ie  Uie  energy  gt^adienc,  |3^  iik  «  constant  and  JTu,  is  the 
■axivun  Telocity  encountered  at  the  eurfcce  « 

The  eddy  viecoeity  is  given  by: 

'7--  r  f?  (-91.53' 

(  I5*70) 

Substituting  this  val'^e  into  equation  il5o^S3j  in  which  the 
second  texii  of  tho  left  side  is  neglected  owing  to  its  saall^" 
nese«  we  have 

j(  CTT  \  h*/f^J  \  (i-2/i)i^  (liT-yO 

Whete  xS-  CjhiSy'^ 

and  CjkK.^°  concentration  at  a  iefeionoo  levoi  Hunt 

tested  vhrs  ielatron  b>  covpaiing  with  cho  ooserved  distribution 
of  suspended  in  an  experiaental  flunoc 
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l6*  Sound  trAnsaission  in  a  turtMilant  nadium« 

Tha  ralocity'  of  propacatlon  of  aound  wavos  in  the  aea  depends 
on  density  and  to  lesser  decrsas  on  current*  Since  there  is 
alvays  sosie  sort  of  xnhosKicanoity  in  teeiperAture  and  salinity 
in  the  ocean  caused  by  turbulence  and  ernv action*  the  sound 
ware  1$  seattared  |iy  such  inboa»:«eiieity  and  shows  random 
fluctuations  in  Intensities,  directions  andlhases*  The  scatterinip 
of  underwater  sound  is;  a  subloct  of  ailitary  intorost  and  a 
numbor  of  ozperiaiontal  and  theoretical  papers  have  appeared 
since  World  War  II.  On  the  other  band*  the  scattering  is  mainly 
caused  by  tenpersture  microstructure  due  to  snail  scale  turbu¬ 
lence  and  thus  eeasurenents  of  sound  scattering  will  give  us 
Infornatxon  on  structure  of  the  nicro  turbulence*  which  would 
be  difficult  to  be  nessured  by  other  method* 

The  basic  theory  of  scattering  in  thur  ray  theory  range  was 
discussed  by  Bergvsnn  (1946).  The  treatnont  from  the  ware 
theory  was  done  by  Pekeris  (1947)>  Liebensann  (1951)  discussed 
the  sound  scattering  ■essureaents  in  tbo  sea  in  tbe  light  of 
these  theories*  considering  probable  nodols  of  tenperature 
inhonogeneity  in  tbe  ocean*  Mintser  (1953*  1954)  doveloped  the 
eork  of  Pekeris  and  derived  a  rigorous  expression  for  the  first 
order  space  average  value  of  the  scattered  intensity*  Obukhov 
(1953)  obtained  a  general  expression  for  tbo  fluctuation  of  phase 
and  aaiplitude.  This  expression  is  squivalsnt  to  Mintser*s  result 
in  the  ray-theory  range*  Skudrs/k  (1957)  discussed  the  scattering 
in  an  inhomogeneous  medium  in  general,  rsviswing  tha  existing 
theorisso 


Th«  scattarini;  of  plana  wavaa  by  a  turbulant  flow  with 
taaparatura  iirtioaofranaity  ia  disouasod  by  means  of  the  wave 
thaoryo  The  spectrum  functions  of  turbulence  of  the  medium 
and  those  of  random  dlstribmtlons  of  temperature  will  be 
incorporated  in  the  intensity  ef  sonttored  sound  wave  (Tatarskii, 
1959). 

The  basic  equation  for  sound  prepuce tion  in  a  movi nc 

medium  is 

V»P  -  C'»  (161) 

where  "P  is  the  potential  of  sound  motion,  Ui  are  the  velocity 
ef  the  medium  and  C  is  the  sound  vehcityo  It  is  assumed  that 
the  mean  velocity  is  sero  and  that  the  second  or  hicher  power 
terms  of  )  I  /q  are  neclicible,  where  U'  is  the 

instantaneous  volocity  of  the  medium.  Further,  because  the 
frequency  of  turbulent  velocity  of  the  fluid  is  much  smaller 
than  that  of  sound  wave,  equation  (tS-J)  becomes 

-  so?  (lO'Z) 


with  an  accuracy  up  to  terms  of  order  \(ji'  \  Z' ^ 

In  the  atawsphere  and  the  ocean  the  sound  viocity  C  is  a 
function  of  teaqieraturi^^ike  0  Therefore,  if  Q  and  0^ 

denote  the  mean  and  fluctuation  temperature,  respectively,  we 

have 

CC6)  cr©)  ((+£0^/9)  ^'16*3^ 
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1h«a  •quatlon  (  )  b*eoa«s 

•^a.  p  -L  -  9M'  -  rr 

V  r  c*-  “  ~  ^  9t 


±31^ 

C^  W 


vlth  an  aoeunesr  up  to  toms  of  ordor  ^ 

Wliicli  %9  of  tho  sawo  ordor  ••  (i^ln  tho  atnosphoro*  In  tho 
oooofit  tho  ratio  of  tho  firat  to  tho  aaoond  tora  of  tho  rl^t 
sldo  la  alnoat  aqual  to  a(u'/c>  (e'/S')~'  and  thus* 
tho  first  tom  can  ba  naitloctod* 

Assuainc  that  P=  with  TT' TTo  +  ^i 

otooro  TTit  ®**^***  lU'/ty^Vf  il6‘S  ) 

eon  bo  divided  into 


V*  TT,  +  ITo  m  o 


(U-5) 


IT.  +*’  TT, 


Wo 


Whore  ^  >  CO  / C  nuabsr* 

Tho  soro«th  approxiaation  "TTb  roprosonts  the  incident  wave 


CI6-7) 


And  for  the  plane  wave  it  is  written  as 

ir.  A.  * 

whore  ^  is  the  wave  nuabor  veotor*  Substltutind  this  into 
<  )>  we  have  _  ^ 


v’lT, 


(lit) 


Whore  is  a  unit  rector  in  the  direction  of  ^ 

Tho  solution  of  the  Poisson  equation 

V»<j)  ^  r  ■f(t')  (!(>■•)') 

oorroopondinc  to  outfoinp  waves  is  of  the  fora 
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wh«r»  ih  B  position  vsctor  rsnginc  orer  ths  seattsrlnK  voluM 
and  ths  origin  of  tho  coordlnata  is  takon  insido  *V~  .  If  |^| 
is  much  largor  than  tho  dimansion  of  ‘7"  ,  tho  quantity 
can  ba  expandad  in  a  saries  of  povars  of  H'/p.  s  i»«« 


wbara  /y^  “  ^  /r.  is  a  unit  vactor  in  thrj  diraction  5  .  If 

(sa)-'  (''^•'*3 

for  all  »  i»ao  if  »  wharo  l,and  ara  tha 

dinansion  cT  the  volume  7*  wave  langth,  ra:a>pactivaly »  than 
aquation  ( | 6*  i  ^  )  becomes 

g.IJA 


(>(?) 


(Bu 


n- 


Ci  6'>3d) 


^  (IMSO 


uhera  lif-Zl'l  of  the  denominator  of  (I6'I0)  xs>  ropiaced  by  /‘^  n 
This  expression  represents  a  sptiarical  wave.  The  function 
and  I  equation  (1^13)  can  be  replaced  by  fjt)  **>• 

right  hand  side  of  equation  ()6'?  )« 

The  average  value  of  the  flux  density  vector  of  the  scattered 
energy  is  equal  to 

^  r„  (Tr,*vir,)  {it-i4-) 

where  X..  and  tha  -if*  mean  tha  iisaginaiy  pari  and  conjugal# 
value*  raspactivaly 
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Assuninc  ^  f  t 

ktkiL 


,(k/l 


Thus 


V  TT,  =:Ci  - ^  4 

f  1 4‘l6^ 


S  '  i«J^QO*-iSr 


Ths  ssq;>litud«  ^  is  rstidoa  du«  to  tho  rsndoui  fluctuations  of 
▼olocitiss  and  toaqi>aratura«  Tho  aaon  tsIus  of  ^  equals 


~r=i 


(a  O’* 


9ck‘’ 

Tk 


rt’ 


At 


With  tba  assuoption  that  U'f^^and  0  (Fl^  are  hoooganoous 
and  isotropic,  tho  oorrolatlon  functions  are  written  as: 


<  if: ) «/ 


e  (n,'>6'(Z'^  ■  Be 


(it-  i?a) 


C !  6  ’  'S 


because  they  depend  only  on  '7^  <>  condition  of  ineon> 

pressibility  leads  to 
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Thus*  the  double  Integral  of  equation  (16-iy)  la  redueed  to  one 
voluao  intacraly  l.e. 

(l(>>20') 


The  correlation  function  &,y/iO  **bich  xh  included  in  the 
integral  of  equation  (j6*20)  can  be  expressed  by  a  Tourxer 
integral 

~*o 

vhere  ie  a  spectral  density  function;.  Substituting  this 

in  the  integral 

I'  i  n6'») 

V 

ve  hare 

~4«e  V 

'  Ui  (x)  r  ft)^X 

rc5?)-  sii  Ir  ^  nfr'»b:> 

P\^  —  function  F^^^equala.  Sf^T) 

if  the  volune  V"  1»  infinite,  and  therefore 

In  the  case  of  a  finite  roluse  of  ^  ,  the  function 
has  a  i^rp  anxiaun  near  0  and  oseillatos  and  falls  off 
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rauldlr  ineroa!>eH,  «hil« 

r  i  5-C?)*l7=i 


(16-^4) 


and  TfC)*  T  .  Thar.fora,  Ff^) 

is  spprsciably  diffarant  froa  aaro  only  in  a  ration  of  tha  wava 
aootor  spoaa  with  a  woluaia  of  ordar  S  TC^/^'Y'  «  Thus, 

whara  'Tl.  roprasant  tha  ragion  in  spaco  ^  with  voluna  S'TT^tr 
naar  tha  point  ^  ^  4t^  ,  and  ^vi  ***• 

aworaca  of  ^(jT^owar  tha  voluaa  Vi,. 

Tha  spactral  dansity  of  tapparatura  is  danotod  by 
F(i^ba  tha  apaotral  density  of  turbulanca  enarity«  Than 

Btj  ^  ^  (I6>26) 


Sinca  two  integrals  of  aquation  (i6'2.0)  have  the  same  fom 
as  tha  integral  ,  they  can  ba  expressed  by  spectral  densities 

xn  equation  (/ 6*2.5*)^  If  the 
voluna  Y"  large  that  the  voluna  with  an  ordar  of 

nagnituda  S'TT^/V  baconas  snail,  the  factor  of  in  the 

Intecral  of  equation  (l6.20)aftar  substituting  (l626}can  be  sinpli' 
fiodf  /“n  ..  -ys  A  ^  I  ,  -5>  “?\_J  f",. _ 


where  Is  the  angle  between  the  ditection  of  the  vector 
and  y  ioec  the  scattering  angler  Therefore,  we  have 
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In  th«  cas*  of  isotropic  turbulonco  ^  Cx  )*  'E(^) 

-t  -  Aft  ■s.  vi  ^  . 

Tho  onorgy  flux  donsity  of  tho  incidont  wavo  is  oqual  to 


J. 

2. 


f  AoC. 


-i9-t 


0^a<?) 


Tho  offoctire  cros£>  section  cL  for  tho  scattering  of 

sound  in  tho  direction  ^  is  dofinod  as  ratio  of  scattorod 
onorgy  into  tho  solid  anglo  ^  »  iS*  ,  to 

tho  absoluto  raluo  of  onorgy  flux  donsity  of  the  incidont  waroc 


Thus 


0^50 


This  oquation  indicatos  that  doponds  only  on  spectral 

coapononts  of  tho  turbulonco  vith  vara  numbers  •Sh'Sih 

*  '»*>oro  Lo  is  tho  upper  limit  of  the  isotropic 
domain  of  the  turbulonco*  the  spectral  factions  depend  only  on 
tho  local  isotropic  eddies  and  not  on  the  largo  scale  anisotropic 
addiooo  If,  further,  or 

‘X/ Lo  ^  A/a 

«l»r*  i  s  waro  length,  velocity  and  temperature  correlations, 

D« .  ara  axprassad  by  Kolmogoroff '^a  2/3'‘povar  law: 

Dti,  =  ;  l>6  -  C*  fifi-saa.b) 
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Th*  spvctral  dMisitiaa  ar*  by: 

E  ^x)- O.oeiC^  )f-"/3  (U  3S<») 

^  (yi^  ^  0,6i3Ci  /i6  »l>) 

-I..r.  a,£''\  Ct‘’QiN£'^>  _ 

^  is  tb«  •n•r(n^  dissipation  r«to  of  turbuloneo  and  N  is  itis 
rata  of  dissipation  of  taaparatura  li(hoaK»canaltias«  (Saa 
Cbaptar  15  )»  Than  va  bars 

Jrff)  r o,.a.  4 o-n 

(  16-  54-3 

Pakarls  (19^7)  and  Liabanaann  (I95t)  usad  tho  corralation 
function  for  taaq>aratura  fluctuations: 

and  Pottar  and  Nurpby  (1955)  usad  asitbaaiatically  uora  rigorous 
function  ;  (l)  *■  €.  (  I  6*?5b3 

Sinca  In  tha  saa  tha  affacts  of  turbulanca  valocity  x»  naffliffibla* 
tha  affactiva  cros:»  section  of  (|^'3o  )  dapands  on  tauparatux'a 
correlation  onl/o  Tha  ratio  of  tha  scattered  intensity  to  tha 
lnci<I«nt  int.r.>ltr  i.  .6*6«3 

for  tba  corralation  function  ( /6'354  )  and 

I  ?s/  /P/I  =  <L'<p  av  ( it  sikj 

for  tha  function  (/6'39b)  ^vhara  ^  (/i  C/cy- 

in  which  C  and  al<2  are  sound  velocity  and  its  fluctuations > 
raspactivaly^  suffix  I  and  sq  maans  incident  and  scattered 
wavOf  raspactivalyjand  la  an  alanantary  voluoia  of  tha  soattarars. 
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The  angular  width^^of  the  scattered  bean  can  be  defined 
^  »  »»*>»re  is 

the  directivity  factor  of  (  The  exponent  and  the 

Oousslan  R  respectively  yield 

Ci6-37a,b) 

The  total  energy  7^  scatterod  in  the  forward  direction 
0  is  given  by  integrating  respectively  equation 

(U*iU)  or  Xoe  ^  Cf^‘<3SA) 

"  T-ic  X -Fk  «(•*'■  (16-m) 

The  second  expression  is  identical  with  Hintaer's  (195^) 
result.  The  first  equation  can  be  interpreted  as  the  total 
scattexing  by  tie  aggregation  of  irregular  patches  whose  average 
radius  is  d  and  the  nunber  is  ^ it/ A.  »  Since  the 
scattering  by  a  single  patch  is  equal  to  . 

the  total  scattering  becones 


The  above  discussion  is  valid  for  ^catcei  mg  foi  large 
values  of  -kjl  »  for  small  values  of  the  phase  angle  0  between 
and  P^'  becomes  inportanto  The  scattering  in  such  case  was 
treated  by  Bergman  (19^6)  and  Lieberamn  (1951)  from  the  theory 
of  geometrical  optics.  Skudrsyk  (1957)  treated  this  case  by 
an  approximate  method  using  a  model  of  scattering  by  small 
patcheso 

If  I  Psc  I  IFi)  »  ***•  ■•gnitude  of  the  resulting 
pressure  is  given  by  ^ 

P  *  [  (Pi +Psc‘^°s4))"+(P,c>^»^;]^P/+Psc^®<»4+ 
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Th«  scattering  by  .'mall  patches  causes  the  phSii^e  angle  i’TT/j? 
as  the  first  appro.c.iniation,  where  is  the  pha»e  delay  due  to 
the  difference  In  path  between  the  scattered  and  the  direct  reyso 
Since  the  ouxieua  opening  of  the  beaes  scattered  at  indiwldual 
patches  is  equal  to  ^  where  is  given  by  equation  (|6‘37A) 
and  is  a  constant  nearly  equal  to  1 »  the  maximum  path 
difference  is  expr-  :  od  by 

The  maximum  phase  delay  is  given  by 

^  kAn.-=»^/i  (»■««) «  =  i-Y *)■'  ( 1 6-42) 


Ttie  pressure  fluctuations  aro  convenient]! y  expressed  by  the 


coeffieiane  of  the  jinplitude  u^riation  which  i 

-  (Ff  - 


IK'- 


(.Tf 


s  defined  byt 
(Pt  ^  I 


(p.  +  f^coi^ 


(l6-4^) 


where  the  coefficxeuc  ^  is  the  average  uf  (j) 

4  '  i  5,  -* 


and  the  distribution  of  A 


Since 
can  be 


considered  random « 

I  3_,  h  J  Co5*4»</<^J 


p"  I  ) 


irr/i 


=  ^  1  l>  (“5.  n  2 
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For  low  froquoncio^ii  or  lone  dis»tance!!> ,  and  thus 

^  ^  ^  «  Ttiarafora*  MintB«r*s  intorfaranc*  scattarlne 

is  obtsinad  raspactiraXy 

for  the  corralafclon  function  (  l^i-35^)  or  (/($‘3S’J>)o  For  high 
fraquancias  or  shove  distancas  (  ^  ^  1  ')  » 

As  tha  fraquency  increasas,  ^  dacroasas  but  jfjc]  Xncraasas 

and  thus  ITp^  raaiains  finitao  In  fact,  if  tha  dlstanca  n. 
satisfias 

£  ^  -iA.*-  0i  4i^ 


substitution  S  from  (  and  of  Xoc  from  (  tS'SSh) 

into  (  1^*43  )  yialds 

_<  ,Mr  s’- !■''** _  vr  '■K-d-r) 


The  range  fl  ■Cii  'k_CL^  idontif  iod  a^  the  focusing  astngo 

which  was  discussed  by  Bergnian  (l9^6)  in  contrast  with  the 
interference  range  'kjL^  discussed  by  Mintser  (1953)« 

If  IT  ^  I  •  3^  ,  aquation  (  l^'^Y  )  becomes  identical  with 

Bei%aan*s  equation 

Vhitoiarsh  and  others  (1957)  and  Urick  and  others  (1958) 
discussed  the  data  of  simultaneous  measurements  of  teaq>erature 
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nicrostructurs  and  sound  scattarin^  in  various  corKlitions  of 
th«  ocoan,  Maan  squara  tanparatura  dxffai'ences  maasured  by 
two  tharmistors  at  tha  distancas  from  2  inch  to  10  faat  both  in 
tha  horisontal  and  vartical  directions  show  a  good  agroemont 
with  Kolmogoroff *8  2/3  power  law*  Tha  coefficient  of  amplitude 
variation  *V^  was  ■.  crisurad  with  24  kc  and  6o  kc  waves  for  the 
range  of  50  to  13OC.  /arda*  Tha  thaoreticai  curves  of"^  ware 
computed  from  aquation  and  (  )  using  fcho  sum  of 

two  Crausslan  correlation  functions  with  an  assumption  that  tha 
tamparatura  fluctuations  are  cuasad  by  two  kinds  of  patches 
whose  average  scales  are  35  and  150  inchOL^..  The  observed  relation 
bawtaan  tha  range  was  reasonably  explained  by  the 

theoretical  curves  thus  obtained,  although  scattering  in  the 
data  is  largao 
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